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Abstract

Magnetic particle imaging is a tracer-based medical imaging modality. Although various reconstruction methods
are known, such as the ones based on a measured system matrix, the mathematical formulation of physical
models of magnetic particle imaging is still lacking in several ways. Even for fairly simplified models, such as
the Langevin model of paramagnetism, many properties are unproven. Only when one-dimensional excitation
is used, the existing models are sufficient to derive simple and fast reconstruction techniques, like the so-called
x-space and Chebyshev reconstruction approaches. Recently, an accurate formulation of the one-dimensional
Fourier transform of the Langevin function and related functions has been provided. The present article extends
the theory to multidimensional magnetic particle imaging. The derived formulations help us to calculate the exact
relationship between the system function of Lissajous field-free-point trajectory based magnetic particle imaging
and tensor products of Chebyshev polynomials and also uncover a direct relationship to tensor products of Bessel
functions of first kind in the spatio-temporal Fourier domain. Moreover, the developed formulation consolidates
the mathematical description of magnetic particle imaging and lays the basis for the investigation of different

trajectories.

. Introduction

Different mathematical models have been developed for
magnetic particle imaging (MPI). A review can be found
in [1]. However, the mathematical formulation of physi-
cal models in magnetic particle imaging still has several
shortcomings. Even for simple models, many observa-
tions in MPI are unproven. For example, several MPI
publications are based on the Langevin theory of para-
magnetism to describe the imaging process [2-5]. How-
ever, although some reconstruction methods require the
Fourier transform of the Langevin function and its deriva-
tive, in practice, due to the lack of a closed-form expres-
sion, they are approximated either numerically or via the
Lorentzian function, which works quite well in practice.
In a recent publication, we introduced a formal frame-
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work to explain MPI in spatio-temporal Fourier space for
one-dimensional excitation [6]. In independent works |7,
8], closed-form solutions of the one-dimensional Fourier
transform of the Langevin function can also be found.
In [6], the Fourier transform has been defined on a highly
simplified model in one dimension. The present article
extends the previous results on one-dimensional MPI by
giving further proofs and additional information, and,
most importantly, extends the theory to the multidimen-
sional case. The contributions of this work are mani-
fold. First, the calculation of the Fourier transform of
the Langevin function for the one-dimensional and the
multidimensional case are presented. Then, a spatio-
temporal Fourier representation of the system function
is derived from a simplified Langevin model in the mul-
tidimensional setting that only depends on the spatial
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Fourier transform of the Langevin function multiplied by
a second function. This second function itself depends
only on the selected field-free-point (FFP) trajectory and
maps the spatial frequencies to temporal frequencies. As
relevant examples, one-, two-, and three-dimensional
excitation for the drive fields are used. In particular, to
give an explicit example, Lissajous FFP-trajectories are
used. This example helps us to prove some often as-
sumed, but unproven relationships, like the one that the
spatial dimensions of the system function components
in MPI are related to tensor products of Chebyshev poly-
nomials of second kind [2]. A second interesting obser-
vation is that the observed frequency mixing between
spatial and temporal frequencies (see [9]) seems to orig-
inate within the calculated manifold conditions in the
spatio-temporal Fourier space. This was so far related to
the intermodulation theory in [2, 10]. Nonetheless, the
techniques developed in this article can be extended to
various FFP-trajectories and may be helpful in future for
formal analyses in MPI. To confirm our findings numeri-
cally, simulations and comparisons between theoretical
and experimental results have been performed.

Il. The Langevin Function and
its Role in MPI

The Langevin function plays a central role in the theory
of MP], as, for a given location of the field-free point, it al-
lows one to derive a mathematical relationship between
the SPIO distribution and the measured voltage signals.
In this section, we recall some known results and intro-
duce a normalized version of the Langevin function that
will be useful in several proofs throughout the article.

The one-dimensional Langevin function ¢ : R — R
with £ € L°°(R) is defined as

1)

2(x)= {(c)oth(x)—§ i ¢ ls\w},

We introduce a “normalized” Langevin function %, : R —
R in the form

£(x)

_[#2 xer\oy,
:fn(x)—{% o

2

Finally, the n-dimensional Langevin function ¢ : R" —
R" is given by the expression

L(x)=2(x): = = Z(lx ],
4]

3)

where || - || is the Euclidean norm of a vector.

For a simplified MPI model, in which no field inho-
mogeneities and no SPIO’s relaxation effects are consid-
ered, the voltage signals caused by an n-dimensional
SPIO distribution and received at n’ receive coils can be
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written as a vector-valued Tj,-periodic voltage function
u:R—R"[1,2, 11]. We have

u(t)=M,g(t) (4)

with M, = yom P, where matrix P € R”*" denotes the
homogeneous coil sensitivities profiles, u, the vacuum
permeability, m the magnetic moment of one nanopar-
ticle, and ¢ € R denotes the time variable. The vector
g :R— R" describes the essential content of the voltage
signal u(t). Thus, for the reason of simplicity, we use
only the auxiliary function g(¢) instead of the voltage
signals throughout the article. All upcoming results are
related to the voltage signal u(t) through a linear trans-
form with matrix M,,. The function g(¢) can be expressed
by a component-wise integration using either £, %, or
X as

d
g(t)= EJ c(x) Z(BIIG(xprp(t)—x)l))
Rn

) G (xppp(2)—x)
|G (xpp(2)— )l

(%) Z,(BIIG(xerp(2)—x)I)

dx,

(5)

Tadr .,
B G (xppp(t)—x) dx,
d
= d—J c(x) L (B(G(xerp(1)—x)) dx
t g

with # = 227 The vector x € R" denotes the spatial po-
sition, ¢ : R"” — R is the spatial SPIO distribution, kj the
Boltzmann constant, and T the temperature of the SPIOs.
The matrix G € R"*" denotes the applied gradients of
the selection field H5(x)= Gx. The vector xppp : R — R”

describes the position of the field free point at time ¢.
Often the relationship in (5) is written in an alterna-
tive form as an inner product between the SPIO distri-
bution c¢(x) and a system function s : R” x R — R” that
includes all terms that are independent of c(x):
g(t)zf s(x,t)c(x) dx. (6)

Rn
A comparison with (5) shows that the system function
itself can be written in the following forms:

BG (xppp(t)—x)

I8 G (xppp(2)—x)||
0

=57 [gn(ﬁ IG (xppp(£)—2))BG (xFFP(f)—x)]

e

~ ot

0
stx,1)= 57 [ (816 () =2)])

£ (B(G(xprp(1)—x))]. )

Another common approach is to define an MPI sys-
tem function for the Fourier-series representation of the
Ty -periodic function g(t). With

Ip

1 2

sklx¥)= 1; J 1
D J_D

2

s(x, 1)e @t dr 8)

(© 2019 Infinite Science Publishing


http://dx.doi.org/10.18416/ijmpi.2019.1912001
http://dx.doi.org/10.18416/ijmpi.2019.1912001

International Journal on Magnetic Particle Imaging

being the k-th Fourier series component of the system
function s(x, t), the frequency-domain version of (6)
reads

Ip
2

8k= g(t)e‘i‘““ dt
Ip
9
:J si(x)c(x) dx
Rn
with wy = = =27k fp.

I1l. Spatial Fourier transform

As a first fundamental result on the relationship between
the FFP trajectory and the series coefficients g, we show
that SPIO- and trajectory-dependent terms can be sepa-
rated when carrying out a spatial Fourier transform.

Theorem 3.1. The Fourier series coefficients g, of g(t)
in (9) can be expressed in terms of the spatial Fourier trans-
form by

iwk ~
=—— 1| h Plw,, k) dw,, 1
8= Gy | B@dPl@n ) dws,  (10)
where the function
1 i iwlx ( = ) —ikz
P(wx,k)z— e “x TP e dz (11)
2r

only depends on the used FFP-trajectory Xggp (1) with pe-
riod length Tp = +~. The term h(w,) is given by

. . 1 (G Tw,
h(wx)_C(wx)ldet(/jG)‘z( 5 )

where £ (w,) and ¢(w,) are the continuous Fourier trans-

forms of the Langevin function ¥ (x) and the SPIO distri-
bution, respectively. Let c(x) be of bounded support and
in L'(R™")N L2(R™).

(12)

Proof. In the following, a vector-valued notation is used:

h(x):J c(u) 2 (BG(x—u)) du. (13)
]Rn

We are now interested in the Fourier series expansion
of % h(xggp (1)). Its coefficients are given by

Ty

D
2
8=/ f

_Ip

2
T

2
=1wkaf

_Ip
2

where w; =271 f; = ZnT—’; =2nk fp with T, being the du-
ration of one period of the FFP over the whole trajectory.

d )
bh(xm (r))] et dy
(14)

h(xpep (1))e74" dt,
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The convolution in (13) is equivalent to a multiplica-
tion in Fourier space for each vector component:

et )

A formal proof of this has to be performed within the
distribution theory. As c¢(x) has a bounded support, is
in L}(R")N L?(R"), and the locally integrable function
2 (x)isin L*°(R"), the integral in (13) exists and h(x) is
locally integrable. The latter makes it possible to define a
distributional forward Fourier transform on k(x), which
is given by ﬁ(wx) in (15).

Following the idea in [12], h(xgpp (7)) is represented
by the inverse Fourier transform along w,:

h(w,)=é( (15)

1 il
h(xFFp(t)) (2 )nf h(wx)elwxxFFP(t)dwx. (16)

Now, by substituting ¢ = ﬁ in (14), inserting (16),
and changing the order of integration, we obtain

. T
iw z _
:T;f_ﬂh(xFFP(_Z oy ))e k2 dz

217:;::-%—1 f f h( x)elw xFFP( 'ffD) dwx eiikz dz

iw %) )i
- (27-[;6 Ln h(a)x) |:§ ,I—TE el xxFFP(ZﬂfD )e N dz:| dwx.

8k

(17)
The comparison of (17) with (10) and (11) confirms the
theorem. O

IVV. Fourier transform of the
Langevin function and
Bessel functions

In this section, we provide results on the Fourier trans-
forms of the Langevin function and some related func-
tions which naturally occur in the MPI context. Readers
who are mainly interested in MPI theory may skip most
of this section and consider only the derived Fourier cor-
respondences.

IV.l. Transform of the Langevin
function

The expression for the Fourier transform of the Langevin
function is derived on the basis of a series expansion for
% (x)which is stated in the following lemma.

Lemma 4.1. The Langevin function < : R — R has the
uniformly converging series expansion

> 2x 1 1 1
Lx)=) —— == — .
(%) ;k2n2+x2 i;(kn—ix kn+ix)

(18)
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Consequently, the normalized version 4, : R — R has the
uniformly converging series expansion

— 2
%=
=1

The proofs of the uniform convergence are deferred
to Appendix A.

19

Theorem 4.2. The one-dimensional Fourier transform of
the normalized Langevin function %, : R — R is given by

Ziwy)==2In(1—e ™), Jw, >0 (20)

with £, € L'(R).

Proof. From Lemma 4.1, we have
Lo(w,)=F [£a(x)]

2 2
.

2 2
- g[—]'

Using the fact that the Fourier transform of —=— is

ez
given by
[ 2 ]zﬁefknlwxw
k2m2 4+ x2 k
and that [13]
o 1 1
ZEz_kz—ln(l——) for |z|>1,
k=1 z
we obtain
o 2
ﬁn(a)x)zzge_k”"”xl:—Zln(l—e_”l‘“"l), |, | > 0.
k=1
21)

Next we show that %, is in L'(R). Due to the singularity
around w, =0 and the property that Z,(w,) is symmet-
ric and non-negative for all ,, the integration over | %, |
is performed by taking limits in the following form:

oo 2
f | Za(w,)| dw, =2 lim f Lowy)doy.
oo €t—0 ¢
Using the series expansion in (21) and the fact that the

series is convergent for all w, > 0, the limit and the inte-
gration can be interchanged. We thus have

[eS) 1 o 2
R . kro,
fw |.$n(wx){dwx—2€1}r11()£ ;Ee s e

1
€2
=21 & —knw,
Ezanozk_lﬁ g s

o) i
_ : —kmw,
“2lm 2 e
oo
ZZZ( —2 —kmoo _ 2 —kno)
Tk? k2
k=1
3 i 2 2m -
e k2 3
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In the following, we extend the one-dimensional cor-
respondence between .%,(x) and £, (w,) to higher di-
mensions. For this purpose it is helpful to introduce the
terminology of radial functions. These provide a straight-
forward way to perform integration of a radial function
in spherical coordinates.

Definition. A function f :R" — C is a radial (rotational

invariant) function if there is a one-dimensional function
F :R, — C such that

f@)=FE(llxl).

From this definition it is easy to conclude that the
function £, : R” — R with /,(x) = Z,(||x]|) is a radial
function.

Lemma4.3. If f :R" — C with f(x)= F(||x||) is a radial
function, then the following identity holds

(22)

f F(||x||)dx=5nlf F(r)yr"dr, (23)
Rn 0

where

[

2m
Sn-1= =71

r(3)
denotes the surface of the unit (n—1)-dimensional sphere.
A proof can be found in [14].

Theorem 4.4. The three-dimensional Fourier transform
of U, : R3 - R with {,(x) = %,(||x||) results in

Lolw)=Ms(s)  with 5=l (24)

and
4 1
As(s)=—

. (25)
s ers—1

Proof. In([15, 16] a connection between different dimen-
sionalities of the Fourier transform of a radial function
was derived. Assuming that f,(s) with s : R” — R and
s(w,)=|lw,|| denotes the n-dimensional Fourier trans-
form of a radial function f(r), then the n+2 dimensional
Fourier transform can be calculated by

. 2nf!
frrats) =220,

N

Now using our result from Theorem 4.2 and set-
ting Ai(s) = —2In(1—e™°) we obtain for the three-
dimensional case

27 2n me ™ 4m? 1
As(s)=——N/(s)=2— =— .
(s s 1(s) s 1—ens s ems—1
This confirms (24) and (25). O

Note that also a characterization of the two-
dimensional Fourier transform of the normalized
Langevin function is available. However, since the 2-D
case has no closed-form solution and since this result
is not needed to prove Theorem 4.4, it is deferred to
Appendix E.

(© 2019 Infinite Science Publishing
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Lemma 4.5. The three-dimensional Fourier transform
of the normalized Langevin function 4, : R® > R is in
L'(R3).

Proof. According to Lemma 4.3 for radial functions we
have

o
J EACH] dcox=47'ff Ay(r)r? dr
R 0

< r
=167° dr.
o €7—1

By performing the substitution s = r and using just the
definition of the product of the gamma function I'(x) and
the zeta function {(x)[13],

l.xfl

T(x)Z(x) = f —— at,
0

we obtain
. < s
| Zn(w,)| dew, =167 ds
R3 o €1
=1671T(2)¢(2)
83
=— <o0.
3

O

The fact that £, (w,) € L'(R?) means that there exists
an inverse Fourier transform
1

L= 55

f () da,,
R3

where .Z,(w,) = As(||@,||). This also allows us to define a
forward and inverse Fourier transform . (w,) for the n-
dimensional Langevin function. The forward transform
is formulated in the next theorem.

Theorem 4.6. The Fourier transform of £ :R" — R" is

Wy

L(w,)=iN (llw,l) (26)

lleoxll’
with 2 :R" — C", N/ (s)= 2 A,(s), and A, : R, — R de-
noting the n-dimensional Fourier transform of Z,(||x||) :

An(logl) = Lo(we) = F [ (IxID].

The function A,(s) has been derived for different n
in this work. For n = 1 it is given by A,(s) = .%,(s) in (20),
for n =2 the result is shown in Appendix E in (106), and
for n =3 it is given by (25).

Proof. We start from the n-dimensional formulation
of the Langevin function £(x) in (3). Observing that
it has the form %, (||x||)x and using the Fourier corre-
spondence (—ix)f(x) «— % f (w) for a derivative in fre-
quency domain leads to the correspondence

£(x)= Lo(llx])x — iV, Lo(w,),

10.18416/ijmpi.2019.1912001

T
|2 _&a_ 9 1" ; i R
where V,, = [6wx] Y Ty ﬁwxn] is the gradient op

erator with respect to w,. Considering that .Z,(w,) =
A, (Jlo,]l) and applying the chain-rule, the Fourier trans-
form of £(x) finally becomes

L) = 71200 =15, Ayl D =i o) 2

which proves (26). O

Finally, the explicit expression for the Fourier trans-
form of the three-dimensional Langevin function is given
in the following corollary.

Corollary 4.7. The 3D Fourier transform of £ : R3 - R3

is

2.(7T||wx“ + 1)en||wx|| —1 Wy
i

gl (emlosl —1)°  llexll

L(w,)=— 27)

Quite obviously, in a physical context, the Langevin
function Z(x) has to be treated in a three-dimensional
way due to the three-dimensional structure of SPIO distri-
butions. However, it is not clear under which conditions
2 (w,) may be used inside an argument of an inverse
Fourier transform. To verify this, the following Lemma
helps.

Lemma 4.8. Products of the form

‘ .
W, wx’"zwz3 £ (o),

{,m,neN,, (28)
where £, : R3 — C, v € {1,2,3} are the components of
PL(w,), arein L'R®) if L+ m+n>1.

The proof of this lemma, which is quite technical,
is given in Appendix B. The important point about the
lemma is that it shows that an inverse Fourier transform
exists as soon as.£(w, ) occurs in a product with a second
function f(w,) for which w%pf(wx) € L'(R3) N L*°(R3).
Interestingly, Bessel functions of first kind with an order
that is higher than zero are of this type. These functions
naturally occur in Fourier-domain representations of the
MPI measurement process.

IV.ll. Fourier Transforms of Bessel
functions

In this section, we present some essential results on
Bessel functions that are needed for the frequency-
domain representation of MPI. We start with the defi-
nition of the Bessel function of first kind in series form.

Definition. The Bessel function of first kind J, : R - R
with order n € Z is defined as [13]

oo (—l)m 5 2m+n
],A{):Z m!l“(m+n+1)(§) )

m=0

(29)
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Lemma 4.9. The inverse Fourier transform of the Bessel
function of first kind J,,(w,) with order n € Z is

ey

F ()= e forixI<d
o 0 else,

(30

where T,(x) denotes the n-th Chebyshev polynomial of
the first kind, which can be written with trigonometric
functions as [13]

T,,(x) = cos(n arccos(x)), |x| < 1. (31)
The inverse Fourier transform of %‘”j) with ordern € Z is
w i
g [M] =—V,(x) (32)
iwy b
with
ifln|>0

X Uppjo1 (x)VI=x2
V,(x)= {reCt(E)(_T)

Zsgn(x + 1)—rect(§) arccos(x) ifn=0,
(33)
where U,,(x) denotes the n-th Chebyshev polynomial of
the second kind [13]:
_sin((n+1)-arccos(x))

Un(x)= Wisr :

Moreover, V,,(x) and T, (x) have the mutual relationship

(34)

|x| < 1.

i _ i ]fn\(x)
P V. (x)= rect( 5 ) —m. (35)

Proof. A proof for (30) can be found in the literature [17].
To prove (35) for n > 1, we simply take the derivative
;—x V,,(x) with V,,(x) according to (33):

d _d sin(n-arccos(x))
dx Valx)= dx n
__cos(n arccos(x))
Y v R

A comparison with (31) confirms (35) forn > 1. Forn =0
we have
T
Vo(x)= E—arccos(x):arcsin(x), |x| < 1.

Taking the derivative then results in

iV( )= 1 Tlx)
dx T AT T a2

which confirms (35) for n = 0. Moreover, for |x| > 1 itis
easy to verify that % V,(x)=0.

It remains to show that (32) holds. Based on the
Fourier correspondence in (30) and the property J,(0) =
0, the Fourier integration theorem

J f(T)df<—>.iF(w) if F(0)=0
oo iw

10.18416/ijmpi.2019.1912001

yields

K * Z ]Tnl(y)
S| ()

Fortunately, we only have to show that

>

1
— Jn(wy).
1wy

T|n|(}/) ! i"

ir [* y
g(x):= —f rect(—)— dy = —=V,(x).
2 2) /I—y2 T "
For x €[0,1] we obtain

X in

V,(x)—= V(1) | = = ().
N—_—— T
=0

in
g(x)= ;Vn(y) =

i"
T

-1

For x <—1 it holds that g(x)=0. For x > 1, we have

i * x\ T,(x)
g(x)-;fmrect(gj —
=[J rect(f) T(x) ei“’*xdx]
—00 2 1—x2 w,=0

=J,(0)=0.

Overall, for n > 1 this validates that g(x) = % V,(x). The
case n =0 is more involved and will be treated separately
in Lemmas 4.12 and 4.13. O

Corollary 4.10. The function L@ o i LI(R)N L*°(R),

w,\’
and the L*° -norm has an upper bound of

Ja(wy)

Wy

(36)

Loo ns
with a constant C >0 and n > 0.

Proof. The upper bound on the L°°-norm is shown
in [18]. Thus, it remains to prove that %‘j‘) € LYR).
According to [19] we have

(@)l <min(1, b3, ¢lew,|3)

with constants b =0.674885... and ¢ =0.7857468704....
Observing that the function can be upper bounded by

w w w 1
UiCH) Srect(—x)+(1—rect(—"))—4
Wy 2 2w, |3
it holds that
o0 w oo
f M dwa2+2J — dw,
-0 Wy 1 |O‘)x|§
o
2
=2— =8 < o0.

4_
S D3,
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IV.I1l. Product of Bessel function and
Fourier transformed Langevin
function

In this section a central result for the product of the
Fourier transformed Langevin function with a Bessel
function of first kind is given.

Lemma 4.11. The function
liD(wx) = ][(ala)xl)]m(a2a)x2)]n(a3wx3)-9v(wx)’ (37)

where £ ,(w,) denotes the components of £ : R® — C3
and Jy(aywy,), Jn(@awy,), J,(asw,,) are Bessel functions
of first kind with at least one a; # 0, is in L\(R3) if (| +
|m|+|n| = 1. An upper bound for the L' -norm is given by

C

(max (L, [£])max(1,|m|)max(1, 1)

N1 < (38)

3
with C > 0. Similarly, the bounds for the L' -norms of

12(0) = (@105, ) Im(@a02,) 2 (w5) = [l;ﬂ(wx)]

az=0
n=0
(39)
and
(0= Harw,) 2 (o) =| 17w, ., @O
n=m=0

are given by (38) with the appropriate choice of n, m.

Proof. We consider the function l;”(cox) from (37).
Firstly, we consider the case where |[{|>1and n=m =0
and define

L ]Z(al Wy )
flaog)= =2

g(wx) =Wy gv(wx)'

]m(aszZ)]Vl(a3wJC3)

Using Lemma 4.8, the norm of ||g||;: is bounded by a
constant ¢; with 0 < ¢; < 0o. From Corollary 4.10 and us-
ing || Jolleo = 1 we know that || || < C,/|¢|3. The Hélder
inequality then yields

C
1 =11f gl SN fllieliglin € —5 ¢ <o0.  (41)

lE

Secondly, we consider that|¢| > 1, |m| > 1 and n = 0. Now,
we can split the function [3°(w,) = f(w,)g(w,) into

_ ]Z(alwxl) ]m(a2wx2)

flog):=

g(wx) =Wy, Wy, jv(wxl

]n(aa’(")xs),

Wy Wy,

Using Lemma 4.8, Corollary 4.10, and || Jy|lcc = 1 the
Holder inequality then yields

NN =11 -8l <M1 f o llgllzr <

2
———<
615 |m|

10.18416/ijmpi.2019.1912001

Next, we assume that |¢|, |m|, and |n| are larger than zero.
In this case we can split I?’(w,) = f(w,)g(w,) into

Flo,) = Ty wy,) In(@owy,) ],,(agwxs)’

Wy, Wy, Wy,

g(wx) =Wy, Wy, Wy, jv(wx)-

Now, using Lemma 4.8 and Corollary 4.10 the Holder
inequality yields

1P =11f - gl <N fllpeollglln € ——— €3 <
€13 1m|3 |nls
(43)
Expressions similar to (41), (42), and (43) can be de-
rived for the other possible combinations of general
{,n, m € Z with |¢|+|m|+|n| > 1. Altogether, these con-
firm (38) forall{,m,nez. O

Lemma 4.11 makes it possible to define the inverse
Fourier Transform of products of £ ,(w,) and Bessel
functions of first kind, but first we state a Lemma that
helps us to unify the notation.

Lemma 4.12. The convolution of a function F(x) €
L°°(R) that has the property lim, .., F(x) = £c and
¢ € R with a scaled version of the function

—0Q

with f(x)= L F(x).

The proof of this Lemma is deferred to Appendix C.
We now consider the inverse Fourier Transform of
products of £ ,(w,) and Bessel functions of first kind.

Lemma 4.13. The inverse Fourier transforms of products

—iw,, ¢ p—iw. 03 p [G o
a’(w,):= Jn (alwxl)e wre Szv(Tx)
v X/

|det(BG)|
(@10 ) n (o0 )0 2, (S5
ay(wy) =
|det(5G)|
R ]n(alwxl)]m(azwxz)]e(a?’wxs)gv'(%)
ay(wy) = ,
|det(BG)|

(45)
of £, : R® — C with the Bessel functions of first kind
]n(alwxl)r ]m(azwxz)y and ][(agwx3) LUlth Oli fé 0, Cz, C3 S
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R and |n|+|m|+|¢| > 1 are given by

—1[ 21D —L
7 ay( x)]_nsgn(aﬂfa
o “
—2,| G| x-cs
<1 X3—C3 =x—
Vn(ﬂ) dul,
o
(46)
. jntm
7@ x)]—mfw
o2 o
2, BG| =z
02,02, P x3—263 =%~
-V, (ﬂ)vm(%) duy dus,
a, a,
(47)
and
» in+m+l
7oA = S ma) .
63
— ¢ (BG
[5215Z25Z3 V(ﬁ Z):|zxu o

251 2] Us
v v (2 2 )au,
”(al) m(az) [(ag) "

Proof. According to Lemma 4.9 with |n| > 1 and the scal-
ing theorem of the Fourier transform with a # 0 we know
that

respectively.

g_l[fn(awx)]_ i

iw, a

-1 iwxljv(c_;wx)
|det(8G)|

. 3 s~ (G-T
iw, iw,, .,%V( i )

|det(BG)|

= Bx?;xz [gV(ﬂGx)]’

.3 5 (G Tw
i wxla)xwaajfv( ")

B
|det(5G)|

g—l

= Bxlﬁa;25x3 [gv(ﬁGx)]-

Moreover, we have the well-known relationship
F e =64(x—c)

with §y(x) being the Dirac delta distribution. Now, us-
ing that a multiplication in Fourier domain is equiva-
lent to a convolution in spatial domain we get (term

10.18416/ijmpi.2019.1912001

by term) the results for a,’(x) = 9"_1[@]3(‘0::)]' az(x)=
ﬂ'_l[df’(wx)], and a¥’(x) = 197_1[d3v’3(wx)]. These convo-
lutions generally occur in all three dimensions. However,
for a)’(x) and a?’(x), they effectively reduce to one- and
two-dimensional ones, respectively, because the convo-
lutions with Dirac delta distributions along the unused
dimensions just result in phase shifts.

In case that either n,m or { is zero, we still have the
Fourier correspondence

F! []o (aijj)] = %la—lﬂrect(%) #

J _ ﬁ)z
aj

= - — VO —_—
Vi |a]| (Zj
with yy(x) = j—xV(x) as defined by Lemma 4.9 and

Lemma 4.12. For |n||m|> 0 and ¢ = 0, we have the follow-
ing inverse Fourier transform for 43°(w,):

in+m

a;(x)=

n3sgn(a, az) Jps

82
[azlang”(ﬁGz)] o

u u 1 u
ol ol )
a a, J|as) as

Due to Lemma 4.8 we know that w,, wy, -91; ( G_;T;wx

) isin
L'(R3). Therefore, the function %;xz [#,(BGx)] van-
ishes as its argument goes to plus or minus infinity and,
thus, it is in L°°(R3). This allows us to use Lemma 4.12,
resulting in

) il’l+m
ay(x)= ———
n3sgn(a, azQ3) Jgs

33
[E’zlﬁzzﬁzg Zv(ﬁGz)] en

G o (ol
(] a; a3
The expressions for a*’(x) and a*’(x) with other possible

combinations of |m|+ |n| + €] > 1 follow likewise. For
a'™(x) the case n =0 is not needed. O

V. Fourier representation for a
one-dimensional trajectory

For a one-dimensional excitation with a three-
dimensional SPIO distribution, a closed-form represen-
tation of the temporal Fourier series coefficients has
been derived in [2]. This commonly known result can
also be deduced from Theorem 3.1 in the article. In
addition to the known relationships, we will introduce a
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spatial Fourier transform version §;(w,) of s.(x) in the
following.

Definition. Let f, be an arbitrary excitation frequency of
our MPI scanner. The drive field along the x -axis then has
the form

—A,sin(w,t+@,)

—Cy , (49)

where w, =21 f, denotes the angular frequency, A, is the
amplitude, ¢, €(0,27) is a phase offset and ¢y, c; €ERare
time independent drive-field offsets. The homogeneous
selection field HS(x) = Gx of the MPI scanner is, without
loss of generality, assumed to be diagonal:

G, 0 0
G=({0 G, o (50)
0 0 G

n

According to the Maxwell equations the magnetic field
fulfills G, + G, + G, =0.
The position of the FFP is given by 1, 11, 20]

xepp (1) =—G"HP (1) (51)

and has the period length T, = fix and, consequently,
fp = f. With this information we can now formulate the
Fourier representation for MPI with a one-dimensional
trajectory in a theorem.

Theorem 5.1. The Fourier series coefficients s : R® — C3
of the MPI system function for a one-dimensional FFP-
trajectory and k € Z\{0} can be expressed in terms of prod-
ucts of V; : R — R convolved along the spatial dimen-
sions with the spatial derivative of the Langevin function
2 :R3—>R3 by

(=) wye¥:k sgn(A,)

si(x)=

T sgn(Gy)
<1
ad G
_.Z ﬁG xz_% ‘/k(_xul) dul,
r | 921 X o Ay
3 Gz 1=X1—U
(52)
with
U, —1(x)v1—x2
Vn(x)zrect(g)(—%), |n|>0 (53)

and U,_(x) being the Chebyshev polynomial of second
kind and order n —1.
Equivalently, the spatial Fourier domain representa-
tion of si(x) is given by
(=1 elvsk ( G Tw, )
|det(5G)| B

A i :
X

§k(a)x) =
(54)

10.18416/ijmpi.2019.1912001

where J,,(w ) denotes the n-th Bessel function of first kind
and £ :R® — C° reads
o (llogll+ e -1 w,

L(w,)=— )
* llw, |2 (el —1)?  [legll

(55)

For k =0 it holds that sy(x) =0 and §y(w,)=0.

Note that the expression for s;(x) in (52) is the same
as in [2] when the phase offset is set to ¢, = 7 and we
use ¢, =c¢, =0.

Proof of Theorem 5.1. Firstly, observe that

Ar o
Gosin(z +py)
-

z
XFFp (E) = G,

Cz

GZ

To compute the mapping function P(w,,k) defined
in (11),

s
1 T .
Plw,, k)= — e“”xxFFP(ﬁ)e—lkz dz (56)
2m | .
. i Yoo —2—
we rewrite the term e'“x wree( 775 ) as
inxrrP(i) i, A% sin(z+,) e Oxp JiEw
e'@x P\ 2y ) — l®x Gy Pxle Gy “r2 @lG; Pxg
and by using the Jacobi-Anger expansion [21]
o
elzsm(H] _ Z ]n(z)elnﬁ’
n=—oo
as
o
elolere(7) — Z A (wx &)ein(zwx)ei%mz RE
1
n=—oo Gx
(57)

Inserting (57) into (56), reordering the terms, and carry-
ing out the integration yields

.c

~ ip.n Ax idw, iZw
Plw,, k)= Z e, a)le— e el Yy
X

n=—00
b
1 .
i(n—k)z
— e dz
2n (58)
-7
=0(n,0)
. A Sy .
= e“ﬂxk]k (a)xl _x) el Gy “x el(%wﬁ ,
Gy

where
5 )1 ifk=n
(mk) = 0 otherwise
denotes the Kronecker delta. R
We now consider gy from (10) with k(w, ) from (12):

A(G_wa
B

iwg C(wy)

BE= enp L |det(BG)|

)P(wx, k)dw,.
(59)
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Inserting P(w,, k) from (58) into (59) and comparing the
obtained expression with (54) under use of £(—w,) =
—%(w,) and Jy(—w) = (—1)* Jy(w) yields

1
(2n)3
!

(2np

8k = f é(wx)gk(_a)x) d")x
R3

(60)

f é(_“’Jc)s‘k(wx) dwx-
R3

Now, by using that c(x) is real-valued and that its
Fourier transform has the conjugate symmetry ¢(—w,) =
¢*(w,), we can apply Parseval’s theorem to obtain the
original relationship (9):

g =f c(x)s¢(x) dx. (61)
R3
This proves that §;(w,) according to (54) is the spatial-
frequency representation of s;(x). Using Lemma 4.13
and observing that the expression in d)’(w,) is equiva-
lent to (54) up to a factor, we get s;(x) according to (52)
as the inverse Fourier transform of (54), which was to be
proven. O

VI. Fourier representation for

two-dimensional Lissajous
trajectories

Definition. To define the trajectory, let Ny € N be a fre-
quency divider with Ng > 2 and fy an arbitrary basis fre-
quency of our MPI scanner. Then the excitation frequen-
cies for the two dimensional Lissajous FFP-trajectory are
given by f, = N and f, = fB . The corresponding angu-
lar frequencies are w, =27 fx and w, =27 f,, respectively.
The 2D drive field can be expressed as

. —Aysin(w, t+@,)
H”(t)=|—Aysin(w,t+¢,) |,

(62)

where Ay,A, € R denote the drive-field amplitudes,
PPy € [0,27) are the phase offsets, and c, € R is a time-
independent drive-field offset in the third dimension. The
homogeneous selection field H(x) = Gx of the MPI scan-
ner has a gradient matrix G € R¥3 as in (50).

Similar to (51) the position of the FFP is given by

xppp (1) =—G'HP(1), (63)

where the trajectory is periodic with period length

1 Np(Nzp—1)
Tp=—=—2"F —.
fo Is

A direct expression for the series coefficients of the
MPI system function is given in the following Theorem.

10.18416/ijmpi.2019.1912001
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Theorem 6.1. The Fourier series coefficients s : R® — C3
of the MPI system function for a two-dimensional Lis-
sajous FFP-trajectory with the phase offsets . =, =0
and k € Z\{0} can be expressed in terms of tensor prod-
ucts of V; : R — R convolved along each spatial dimen-
sion with the spatial derivative of the Langevin function
¥ :R*—R3 by

_ (_i)l+1 Wi Sgn(AxAy)
sk(x)—z sgn(G,G,)

92 21
<\ pG z
JRZ 321322 /j 2CZ

X3 — G, Z1=X—U

T2

Zp=Xp— Uy

G G
V_kan, (A—x u1) Vie—avg—1) (A—y uz) du, duy,
x y
(64)

ifln|>0

)—rect(%) arccos(x) ifn=0
(65)
and U,,_,(x) denotes the Chebyshev polynomial of second
kind and order n —1.
Equivalently, the spatial Fourier domain representa-
tion of sy(x) can be expressed as

A B (%) (_I)M—liwk . G‘Ta)x —iwt,g—z
Sk(wx)—)tzzoo |det(ﬁG)| < ﬁ € 2

J7](1»1]\’ (a)}( _)]kle -1 (0‘)1 _)’
B 1 (; ( B ) 2 Gy

where J,(x) denotes the n-th Bessel function of first kind
and £ :R® — C? is given by

) i (7] ||+ 1) el —1 e,

ZL(wy)=
¥ llogl2(emlodl =1 Nl

For k =0 it holds that sy(x) =0 and $y(w,)=0.

We give the proof of this theorem in several steps.
First, we derive an expression for the mapping function
P(w,, k) introduced in (11) for the special case of a two-
dimensional FFP-Lissajous trajectory. The result is given
in the following Lemma.

(67)

Lemma6.2. The mapping function P : R3xZ — C for the
two-dimensional FFP-Lissajous trajectory Xgpp : R — R3
in Theorem 3.1 is given by

A
— 1n<px+5<p}) -y
Plw,, k)= E [ T (wx]G )Jz( Wy, Gy)

nlez (68)

: 5(n(N371)+[NB,k):|eiwx3 .
Proof. To confirm (68), we consider P(w,, k) according
to (11),

1 (7 Sy L
P(wx,k)z—f e“"xxm’(z”»fn)e_lkz dz (69)

27
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and insert the particular Lissajous trajectory. For the
position of the FFP it turns out that
Gz

XFFP 21, =
’é—isin((NB—l)z+<px)
A

= G—jsin(NBer(py)
Cz
¢

fx
fy

2+¢.)
z+<py)

Ay s
G, sm(

A, .
g, sin

Using the Jacobi-Anger expansion [21]

=2

n=—0oo

el? sin(0) 1n0

L(2)e

we can reformulate the term to be integrated as

elwx xFFp(foD )efikz

LAy . . .
iy, /F‘—: sin((Np—1)z+¢y ) nl@x, c*:, SIH(NBZ+<Py)e1wx3 [oa e—lkz

=€ e
ALY
. Ny—1
= ( Z eln(ﬂ ]n (wx1 G eln( 5—1)z
n=—00
oo A )
. Z ei[(py]l (0) _J’)ei[NBz . el & g—ikz
%G
{=—00
-5 S
n=—00 (=00

A A
: ]n (wxl G_x) ]i (wxz G_y
x y

With this, (69) yields

A
P(wx,k)—Z[ ot J(wg )fz( G—y)
y

nlez

) ei[n[NB—1)+éNB—k]z ]einS & .

4

. i elln(Ns—1)+{N—k]z dz]ei“’xs o
21 |
; Ay Ay
Sl (o)
n ez y

i Lz
Wy Gy .

: 5(n(NB—1)+ZNB,k)]e

In particular, for ¢, =
sen, we obtain

A,
P(wy, k) ( In (wxl )]Z (wxz
r;Z G, G

. el‘”xg @ .

¢, =0, which should be cho-

)5 n(Np—1)+£ Ny, k ))

O

The next Lemma helps us to remove the double sum
in the mapping function P(w,, k).
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Lemma 6.3. The constraint
n(Ng—1)+{Nz=k (70)

with n,t, k € Z is fulfilled for the following line equation
n\_ —k NB
[F)-(E)0 %)

Proof. To prove the lemma, we insert (71) into (70). This
yields

(V1)

with A€ Z.

n(Ng—1)+{Np =(—k + ANg)(Ng — 1)+ (k— A(Ng —1))Np
=—k(Ng—1)+ kN + ANg(Ng—1)
—A(Np—1)Np
=k.
Assuming Ny > 2, Ny € N, we need to show that only
A € Z guarantees that n,{ € Z. For this, we consider

AeRwithA=24+p, p €[0,1] such that A, n,£ € Z. Then
the following two constraints have to hold

n=—k+ANg + B Np €Z, and
{=k—ANy—1)—B(Ng—1)€Z.
By adding up both constraint we get

n+l=A+pez.

For n,(f,)l € Zonly B =0and =1 are valid solutions,
confirming that A € Z. O

Based on Lemma 6.3 the expression for P(w,, k) in
Lemma 6.2 can be rewritten in a simplified form:

Corollary 6.4. The mapping function P : R3 x Z — C for
the two-dimensional FFP-Lissajous trajectory Xgpp : R —

R3 is for ¢, = ¢, =0 simplified to
A, A
P(wx’ (A_Z I k+ANpg (a)xl G )]k —A(Np—1) (a)xz GJ’ ))
. elOx &

(72)

We now turn to the frequency representation of the
3D MPI system equation with two-dimensional exci-
tation. With the same arguments as in the proof of
Theorem 5.1 in (59), (60), (61) and additionally using
(—1)7*+ANs (—1)k=ANs—1) = (—1)*, the 3D system function
in Fourier space is given by (66).

We now need to show that the components of §;(w,),
denoted as §,;(w,), are in L'(R3). For this, we make use
of Lemma 4.11 and assume that |k| > 0. The estimate in
(38) is scale invariant with respect to G7, 3, ’é— %, and

é—z up to a constant factor. Additionally all factors can
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be combined into constants C; > 0 and C, > 0. Using
[[e7“x% || ;0 =1 it can be shown that

||§vk||L‘

< C1Z |.L @)k an, (@ Viany—1) (@, ) de
A€Z J R3

1
“~ max(1, |k — ANg|3)max(1, |k — A(

< 0Q.

<G

Np—1)|%)

We used that for | k| > 0 there is no A € Z such that —k +
ANg =0and k—A(Ng—1)=0. For k =0, by arguments
that the measured voltage signal is zero mean, we may
set so(x) =0 and §,(w,) = 0. This shows that the series
is well defined and that the system function $§;(w,) is
in L'(R?), which makes it possible to define the inverse
Fourier transform.

Observing, that the terms in the series expansion
(66) are similar to d”’(wx) in Lemma 4.13 up to factors
(=1)*'iw; and using that the Fourier transform is a lin-
ear operator, we can perform the inverse Fourier trans-
form of §;.(w,) and calculate

(_i)QH—l Wi Sgn(AxAy)

si(x)=
A€Z m sgn( Cx Gy )
PE iy
. BG 2
fRz 0 Zla 2y X3— g—zz Z1=X—1U
=Xp—Uy
Vo (G Vo)
Vopsang | 7 W | Viea—n | 7 Uz | duy du,.
+ B Ax ( B ) Ay

This finally confirms (64), and the proof of Theorem 6.1
is finished. Note that, from a mathematical point of view,
¢, =0is a useful choice.

VIl. Fourier representation for

three-dimensional Lissajous
trajectories
We start with the definition of three-dimensional Lis-

sajous FFP-trajectories:

Definition. Let Nz €N be a frequency divider with Ng >
2 and let fz be an arbitrary basis frequency of our MPI
scanner. Then the excitation frequencies are chosen in

such a way that f, = fE Iy = NB—I’ and f, = . The
drive field then has the form
—A,sin(w, t+¢,)
HP(t)=|—-A,sin(w,t+¢,) |, (73)
—A,sin(w, t+ ;)

where w, , . =27f, , . denote the angular frequencies,
Ay, Ay, A, are the amplitudes, and ¢, ¢,, ¢, are the

10.18416/ijmpi.2019.1912001

12

phase shifts. The homogeneous selection field HS(x)= Gx
of the MPI scanner has a gradient matrix G € R as in
(50).

Similar to (51) and (63), the position of the FFP is
given by

xppp (1) =—G "HP (1),

where the position of the FFP xrgp () now has the period
length

(Ng +1)Np(Ng—1)

for Ny even
fs ’
Tp = (74)
N5 +1)Ng(Ng—1
(N + DN5(Np — 1) for Ny odd.
2fp

Next, we introduce some auxiliary parameters that
help us to obtain compact expressions, because the num-
ber of parameters is growing dramatically in the three
dimensional case.

Definition. Let

Ay +225)Np — k

( if Np even, k even,
n(k,kl,lz)z (A +2)(,2+1)N3_k
(A1

if Np even, k odd,

+A,)Ng —2k if Ny odd,
K (A + )N —1) if Ny even,

k even,

m(k, A, A) =14 £ — (A + 2, + (N —1) if Ny even,

k odd
k—(A+2)(Ng—1) if Ny odd,
g—?uz(NB +1) if Np even, k even,

Uk, 29)=3 £ —(A,+ 3)(Ng +1) if Np even, k odd,
k—%(Ng+1) if Ny odd.

(75)

Given the above definitions, we can now formulate
the following theorem for three-dimensional Lissajous-
FFP trajectory based MPI:

Theorem 7.1. The Fourier series coefficients s : R® — C3
of the MPI system function for a three-dimensional Lis-
sajous FFP-trajectory with the phase offsets ¢, = ¢, =
¢, =0 and k € Z\{0} can be expressed in terms of tensor
products of V, : R — R convolved along the spatial dimen-
sions with the spatial derivative of the Langevin function
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2 :R®—R3 by and for k odd we have
Sk(x): Z (_i)MJrlwk sgn(AxAyAz) n —kk NB
Aoz 73 sgn(G,G,G;) mi=| 3 |+A | —(Ng—1)
: - l £ 0
(81)
——— %(PBG:21,G, 2, G
ng[azlazzazg (ﬁ x<21 ﬁ yzz ﬂ zZS)] Z=%— 1y ] 2NB
2=Xp— Uy + (A2 + 5) _(NB - 1)
3=X3—U3 _(NB + 1)
Gx G}’ . .
Vot A4 A—ul Vin(k,A0,2,) T U, 2. If Ny is odd, the constraint
x y
2\ A ’
: (76) is fulfilled by
where
n —2k NB 2]VB
- . A
. rect(% (—% ll) if In]>0 m|=| & |+a, | =Vp—1) |+ 22 [ =(vg—1)
! Zsgn(x +1)—rect($)arccos(x) if n=0 ¢ k 0 —(Np+1)
77
and U,,_,(x) denotes the Chebyshev polynomial of second Because the proof is quite technical and long, the
kind and order n—1. reader is directed to Appendix D for the proof.

Equivalently, the spatial Fourier domain representa-

. Lemma7.3. The mapping function P : R3xZ — C for the
tion of sy(x) can be expressed by

three-dimensional FFP-Lissajous trajectory xgpp : R — R3
) is given by

o (_1)kl+liwk 5[ Py Wy, Wy,
= g ) )
Silwy) /MZZGZ |det(BG)| BG. BG, BG, A, A,
P(wx k)= ]n(k,al.az)(a’xlG—)/m(k,al,/lz) Wx, &
x y

Ay Ay A AT
'fn(k,al,az)(wle—x)]m(k,al,az)(%G—y v

Titer (wa %) . i1 20 A0k A 22)p, +(k Ao )p).
z

Az
ek, 2) (wxs G_z) ) (83)
(78)
where J,(w.) denotes the n-th Bessel function of first kind
and £ :R3 — C is given by

Proof. For an even Ny we have

— 1 i(ng+mey+ty,)
P(wx,k)—E Z [e y

. 7|l ew +1 eﬂ”“’x” —1]1 w n,mIEZ
S =il D1 o o i
lew, |12 (sl —1)* [yl Ay y A,
]n wle_ ]m wsz_ ]Z (")ng_
For k =0 it holds that sy(x) =0 and §;(w,)=0. x ’ Y ‘
The proof of the above theorem is given in several fei["(NB_U(NB+U+'"NB(NB“MNB(N“_”_’C]Z dz]
steps. First, we state the manifold constraint on vari- -7
ables m, n,?, k, N3, A, A,, and then we derive the map- _ Z |:ei[ng0x+m<py+ﬁg0z)
ping function P(wy, k). nmiez
Lemma7.2. In three dimensional MPI there are two dif- A, A, A,
ferent manifold constrains, depending on Ny € N and In (“’xl G_x) I "’sz_y Je (")xs G_z)
keZforn,m,leZ withA,, A, €Z
1. If Ny is even, the constraint 5(n(NB+1)(NB—1J+mNB(NB+1)+€NB(NB—1),k)]»
k=(Ng+1)Ng—1)n+ Ny(Ng +1)m+ Ng(Ny—1)¢{ whereas for an odd N we obtain
is fulfilled for k even by the line equation Plw,, k)= Z el(nextme,+p;)
n,mlEZ
m|=| & |+ | (Np=1) [+ 2| Nz 1) |, I3 (w _x) Tl w2211, (%_z)
l x 0 —(Nz+1) Gy Gy G,

6([n(NB+1)(NB—1)+mNB(NB+1)+ZNB(NB—1)),2k)]-
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To simplify the expression, we choose the phase offsets
tobe ¢, =, =@, =0in the following. The argument of
the Kronecker symbol follows the constraints in Lemma
7.2. O

The correctness of the frequency-domain represen-
tation in (78) can be observed using the same ar-
guments as in the proof of Theorem 5.1 (see (59),
(60), (61)) while using the additional relationship
(=1l A Ao e mlk A 22) 4k 2) — (1),

Making use of Lemma 4.11 and assuming that |k|> 0,
we can give an upper bound for the L!-norm of §,;(e,).
By combining all factors into a constant C, > 0, it can be
shown that

1
I8yl < Gy :
Al,;\zzez max(1,|n(4,,A,, k)|3)

1
max(1, |£(A, k)3 )max(1, [m(A;, Ay, k)|3)
<0,

where we used the fact that for k > 0 there areno A;, A, €
Z such that |[{(A,, k)| = |m(Ay, Ay, k)| = |n(Ay, Ay, k)| = 0.
Similar to the 2D case, by assuming a zero mean volt-
age signal, we may set sy(x) = 0 and $y(w,) = 0. Thus,
altogether, the series is well defined and the system func-
tion §;(w,) is in L'(R3), so that an inverse Fourier trans-
form exists. Analog to Section VI, we can make use of
Lemma 4.13 and obtain for the inverse Fourier transform
of §;(w,) the expression in (76). Thus, Theorem 7.1 is
finally proven.

VIIl. Numerical Evaluation

We evaluated the two-dimensional excitation model
from Section VI for the system function on the x-receive
channel. To approximate the infinite series in (64) we
calculated

A*=argmin|k —ANg|+ |k —A(Ng—1)|
2

corresponding to the minimal mixing order and then

60+A* .
(_l)}mL 1 W

sp(x)~ 2
A=—60+2* n
PL “
2| BG )
J;RZ 3Z13Z2 xs_é—i Z1=X1—U;
2=Xp—Uy
G, Gy
v 2w Ve v | ——u | dus dus.
k+AN (Ax 1) k—A(N 1)(Ay 2 152
(84)

Table 1 defines all additional simulation parameters.
For the simulation of the temporal model in (7), we sam-
pled along the temporal dimension with the sampling
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Table 1: Parameters inside the numerical validation

Parameter Value
Vacuum permeability Uo 47-107" H/m
Boltzmann constant kg 1.380649-1072% J/K
Particle
Particle core diameter D 30 nm
Particle core volume V. D3
Temperature T 293 K
Sat. magnetization M, 474000]/m3/T
ﬁ HochIIYIc
B
Scanner Parameter
Gradient strength Gix,y) 1T/m/ug
Gz —2 T/m/.uO
Excitation amplitudes Ay, ;3 0.0125 T/uq
Excitation frequencies fx 2.5/96-106 Hz
5y 2.5/93-10° Hz
FFP Duration Tp 1.1904-1073 s
Simulation
FOV [—12.5,12.5]* mm?
Area in simulation [—32.5,32.5)> mm?
Temporal sampling At 2-1077s
Spatial sampling A x; 6.36-1072 mm
Ao x; 7.95-10~% mm
Max. frequency index ki 1000

distance At for one period of the FFP trajectory, result-
ing in 6001 taps. In a next step, we approximated the fre-
quency components by using the discrete Fourier trans-
form s;*"(x,), where only frequencies up to k = 1000
were included. The spatial sampling for the temporal
model was performed with the spatial sampling distance
Aj x;, resulting in a grid of size 365 x 365 in the field of
view (FOV).

The frequency model (84) (s;"""*(x,)) was simulated
up to k = 1000 with the spatial sampling distance A, x;,
which was an 8 times finer grid than for sampling with
A; x;. This was done to reduce the errors due to the dis-
cretization of the convolution integral in (84). The convo-
lution was simulated in the range of [—32.5,32.5]> mm?.
This helped us to avoid errors at the boundaries of the
FOV in the simulation. Afterwards, we downsampled
and cropped the area of our approximation so that the
new model s;*"***(x,,) was matched to s{""(x,,).

Last but not least, we simulated also the spatial fre-
quency model (66) using the two-dimensional Fourier
transform of the Langevin function from Appendix E.
Spatial frequencies were considered in the range of
+7860.3 cycles/m in each dimension. The model was
discretized to 6133 x 6133 sampling points. Afterwards,
we transformed the approximation back into the spa-
tial domain and matched the spatial positions against
sert(x).

To obtain an objective quality criterion, we calculated
the average relative error with respect to the temporal
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Figure 1: The mean relative error (rel. error) of the frequency
components for the frequency model (66) and the spatial
model (84) with respect to s;*"(x,) derived from the tempo-
ral model (7).

model (7) for the other two models:

appro; 2
S| ,) = 5P )|

MeRE(k) =
e ( ) Zn ‘SISFT(xn)F

where s.”""”*(x,,) either stems from the model (84) or

from (66). In Figure 1 we show the results for all k up
to k = 1000 in dB. It can be noticed that the errors for
both models are generally quite small. They usually
range between -100 and -40 dB. The relative error (rel.
error) increases as the temporal frequency index k in-
creases. It turned out that the simulation of the frequency
model generally had a much lower relative error than the
simulated convolution with the Chebyshev polynomi-
als in the spatial domain. The reason lies in the high
oscillation of the terms U, (x)v'1— x2 for large n. It was
found that some frequency components of the frequency
model have a high relative error, especially the compo-
nent k = 31. The main reason is the singularity at the
spatial frequency w, = 0. Overall, the simulations vali-
date our calculations and show that the temporal, spatial,
and frequency models are equivalent.

IX. Conclusions

In this article, a Fourier analysis of physical MPI models
that are based on the Langevin theory of paramagnetism
has been presented. The developed mathematical de-
scriptions provides new insights into the MPI imaging
process. Possibly, also new reconstruction methods that
work on the basis of Bessel functions of first kind can be
developed from the presented results. To illustrate and
verify the obtained expressions, simulations have been
carried out.
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While the results for the one-, two-, and -three-
dimensional cases have been presented separately, it
is also possible to derive the lower-dimensional cases
from the three-dimensional one by setting A, and/or
A, to zero and using the fact that J,(0) = 6,,. However,
when keeping the period length T}, in (74) also for the
one- and two-dimensional FFP-trajectories, several fre-
quency components §;(w,) and si(x) will become sys-
tematically zero, because Tj, will contain multiple peri-
ods of the lower-dimensional trajectories. The separate
presentations in Sections V and VI are therefore more
compact.

Although the formulations developed in this work are
based on a quite simplified model of MPI, they help us to
consolidate the mathematical description of MPI. Many
observed phenomena in MPI can be explained or proven
using this model. For example, the formulation helps to
validate reconstruction strategies based on Chebyshev
polynomials and matrix compression strategies [22-25]
and explains frequency mixing between spatial and tem-
poral frequencies. Still, many physically relevant aspects
are not captured by this model, such as relaxation effects,
inhomogeneous magnetic fields, and the fact that the
SPIO’s diameters in a probe are polydisperse rather than
monodisperse. Future work can be directed toward ex-
tending the developed model to some of these points.
It also seems very important to examine the function
P(w,, k) in (11) for different FFP-trajectories, because
this function plays a central role in the mapping between
spatial and temporal frequencies (10).
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Appendix A:

Proof of Lemma 4.1. The uniform convergence of the se-
ries (18) can be shown with help of the gamma function
I': C — C, which is an extension of the factorial function
to complex values.

The gamma function is given by

I(z)= f t“ et dt,
0

and based on this, the digamma function is defined as
I'(z)
I(z)

d
Y(z)=——In(I(2))=
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The digamma function has the following properties [13]:
Y(1—2z)—yY(z)=rcot(nz)
1

Using these formulas and subtracting the first from the
second equation results in

l/)(l—z)—l/)(z+1)=ncot(nz)—é. (85)

If we now use as complex argument z = % (x eR)and
multiply (85) with the factor ~ we get the following rep-
resentation for the Langevin function:

Z(x)=coth(x)— l =icot(ix)— l = l (n cot(ix)+ E)
x =« X

T
(=2 (Z)
(86)

The digamma function can be expressed by the series
expansion [13]:

oo z
Ylz+l)=—y+>» ———, z#-1,-2,-3,.... (87)
; k(k+z)

By inserting (87) into (86) we get

k=1 k(k_F k=1 T
i [e%e} _z [ele) ix
o I
T\ klk—%) = k(k+3%)

PolEats-s)
T n k:lk(k_%) k=1 k(k"'in) '

We now use the pointwise convergence to £ (x) in the
further derivation of the series expansion. Pointwise con-
vergence is given, because for fixed x, the series in (88)
are absolutely convergent. This can easily be proved,
since Iml = ﬁ(%) and for such a term a series is
absolutely convergent and allows for combining the two
series into one:

X (v 1 — 1
‘g(x)_ﬁ(z k(k—i—")+2 Je(k + )
1

k=1 T k=1 T
X~ 1 )
=— — + - (89)
7'(2;(16(16—%) k(k+%)
X i e _i 2x
m2 k=1 k(k_%)(k+%) k=1 n2k?+x?

Additionally, the series is also uniformly convergent on
every finite closed interval Q2 = [—a, o] with a € R. We
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prove this by the Weierstrass M -test:

VkeN VxeQ 3d¢.>0:

oo
[fre(x) < ¢, /\ch < oo
=1

(]

= Z fi(x) is uniformly convergent.
k=1

Now let fi.(x)= =&~ Then, due to the antisymmetry
fi(x) = —fi(—x), it is sufficient to find the maximizer
Xmax € [0, @]. The function term f;.(x) and its derivatives
are

2x , 2(m2k?—x?)

filx)= pryEEEY Rx) = T
. 4x(x?—312k?)
i X)=——g—

(m2k2 + x2)°

For k < K—1 < arn < K, the maximizer on the inter-
val [0, a] of |fk(x)| is xrflax = mk. This can be checked
by observing that | f{/(xX_)|=0and f/(x* )= <0.
For k > K it can be verified that for all 7 € [0,a] we
have f’(7)> 0. It follows that the continuous function is
strictly increasing on the interval and that the maximal
value is reached on the right boundary of the interval:
xk =a. This gives us the inequality

o) K—-1 (o)
D IREI= DI+ D 1 felx)
k=1 k= k=K

K

—_

IN

2 & 2a
nk * Z m2k2+ a2
k=1 k=K

oo
1 .
<C+2a;m with ceR

oo
a 1 a
<c+2— —=Cc+—<0Q.
nZ;kZ 3

The Weierstrass M -test is fulfilled and it follows that the
series is uniformly convergent. Due the pointwise con-
vergence in (89) it is uniformly convergent to £ (x) on
every arbitrary finite interval on R. O

Appendix B:

Proof of Lemma 4.8. Without loss of generality, we only
consider .2, (w, ) in this proof, as the other components
follow equivalently.

Utilizing the integration in spherical coordinates

Wy, ssin(f)cos(p)
w,(s,9,0)=|w,, | = | ssin(8)sin(y)
Wy, scos(8)
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for all £, m, n € N, it holds that

Jo

f

Al(wx) d")x

f ff st sin (@) cos' () sin™ (i)

-cos™(0).2, (wx(s v, 0 |s sin(@) dy do ds.

Inserting
21 (w4(s5,9,0)) =1A(s)sin(6) cos(y),

where we use that ||w,(s, ¢, 0)|| = s, we get

f Al(wx)
R3
[ee] T 27
:f f J {S[+m+n Sin”mﬂ(e)COS“I(QO)Sinm((p)
0

-cos™(0)A |s sin(@) dy do ds.

4

dow,

Using the inequahtles |cos(x)| <1 and |sin(x)| <1,
which hold for all x € R, an upper bound for the integral
can be given as follows:

f Al(wx)
R3
o0 T 27
SJ J f |S€+m+n Ag(s)|s2 Sln(@) dgp d@ ds
0 0 0

oo
= 47rf |s”m+" A;)(s)|s2 ds.
0

4

dow,

The calculations for v € {1,2,3} follow equivalently.

We now have to verify for £,(w,) € L'(R®) that
‘s“"””*z Ag(s)| is absolutely integrable. We first obtain

o
f |s“’"+"+2Ag(s)} ds
0

oo
:47‘52J S

0

oo
:47'52f s

0

oo
:47'czf s

0

To simplify the problem, we define y = ¢+ m+n and
investigate under which constraints on u > 1 the function

ns+1)e™ —1

l+m+n (
(ems —1)°
timan (TS +1)—e7™)e™
e2ns (1 — e TS )2
(ms+1)—e™S)e™ s
(1—e7s)

(90)

ds

{+m+n (

ds.

st(rs+1—e™)e ™

F(s)= (1—e-7s) ’
0, §<0

20

isin L'(R). We first aim to find some bounds and limits
for F(s), given u> 1 and s > 0. Using L'Hospital’s rule, it
is straightforward to show that

5
lim F(s)=2—%"
§—0t
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where 8(,,1) denotes the Kronecker delta. This means
that the value at zero is well defined. Next, we rewrite
F(s)for s>0as

s

u
Fls)= l1—ems ( 1—e-ms

§s>0

+ l)e_m,

and observe that F(s)> 0for all s > 0. To obtain an upper
bound on F(s), let us start with the inequality

ns+1<e™

By multiplying this expression with e and changing
the order we get

e M(ns+1)<1

0<l—mse ™ —e™*

—e
ns<ns+l—mse ™ —e ™ =(ns+1)(1—e
s

(I—e-ms)

771'5)

<ms+1,

which holds for all s > 0. Finally, we obtain the upper
bound

1
F(s)< Es“_l(ns +1)(ms+2)e ™
1
< —(ms+2ptte™™
T

Now we prove that F(s) € LY(R) for u > 1. Using the
upper bound, we have

oo 1 oo
f |F(s)| ds < gf (s +2)#+ e (s,
0

—0Q

The substitution z = s + 2 yields

o2 1 dz
f |F(s)| ds <—J ZHHle =2
—00 (i 2 ﬂ
2 o0
e
=— zZ'e ™ dz
Vi
2
2 (oo 2
e eT{u+2
<— ZHtle™® dz=L)<oo.
T2 2

0

Thus, F(s)€ L'(R) for all u > 1. Now, let us consider the
original problem (90). From F(s) € L}(R) for all u > 1,
we can conclude that for y = m+n+¢ > 1 we have
a)fclwsga)zg 2 (w,)€ L'(R3). O

Appendix C:

Proof of Lemma 4.12. We aim to prove the convolution
correspondence in Lemma 4.12, which helps us to unify
the notation in this work. First, we rewrite the left term
in (44) with
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from (35) as Appendix D:
® 1
J F(x— y)m rect( y )—2 dy Proof of Lemma 7.2. We aim to prove the constraints
—o0 1—(%) on n,m,{ for three-dimensional MPI formulated in
|| 1 1 Lemma 7.2. For this, we need to distinguish between
= Flx—y)————d different cases.
y > ay
Ll lal 1 (2)
a
Partial integration yields Case 1: Nz even The following manifold condi-
| 1 1 tion has to hold:
Flx—y)——F—dy
—a [e] _(%)2 n
1l k=((Ng+1)(Np—1), Np(Ng+1), Np(Nz—1))| m
F(x— y)—arcsm(y) ¢
lal —lal (92)

v 1) with k,¢, m, n € Z. This constraint means that all points
+ flx— y)— arcsm( ) dy (m, n, ) are lying on a plane inside a three-dimensional
—lal la] space. We can verify that

- g(F(x —lal)+ F(x+al)

lal

al n _kk Np
a
+ flx— y)iarcsm(y) dy. 121 i T (Ng D
—la| |a| 2 (93)
Now notice that because of lim,_,, F(x)=+c with c € 2Np
R and F(x) € L°(R), it holds that +(A+a)[ (Np—1)
—(Np+1)

f f(x—1)sgn(t—y)dr

with a € {0, %} and A,, A, € Z is a valid solution that ful-

< Y fills (92) by i ing (93) into (92):

ZJ f(x—r)dr—f Flr—n)dr s (92) by inserting (93) into (92)
y —o0 "
—Fx—7)|  +FGx-7) ((Np+ DNy —1), Np(Np+1), Np(Nz—1)| m
=y T=—00 /

=2F(x—y)—flir§o[F(x—T)+F(x+T)]=2F(x—y).

k k
~ :—k(NB+1)(NB—1)+—NB(NB+1)+—NB(NB_1)

Using this relationship inside the convolution integral + A1 ((Ng +1)(Ng —1)Ng + Ny(Ng + 1)(—(Ng —1)))
in (91), we get 0
< 1 + (A +@)|(Ng + 1)(Ng — 1)2N,
f lx- (L) ay (%2 +@)[ (N + 1)(Np ~1)2Np
o + Np(Np + 1)(—(Ng — 1)) + Np(Ng — 1)(—(Nj + 1)
T
_ ol _ k k
J_Oof(x y)(4(sgn(y la])+sgn(y +|al)) =—k(N§—1)+E(N§+N3)+§(N§—NB)
y =k
+rect — arcsin da
( )I | ( )) ¥ +(Ay+ @) [(NZ—1)2Np — (N2 —1)Ng — N3(N2 —1)]
The term =0
T yyae Y =k.
2 (sgn( —l|al)+sgn(y +|a|))+rect( ) o] arcsm( )

This means that the constraint (92) is fulfilled for both
1 even and odd k in (80) and (81), respectively. According
(_ sgn ( )—rect(l)arccos(x)) to (93),f0revenkanda=0aswellasf0r0ddkanda=%,
gn(a) 2a a we have A;, A, € Z and n, m,{ € Z. The general case with

is is equivalent to

_ 1 v (Z) A; €R can be expressed as A; = A; + 8; with A; € Z and
sgn(a) a B: €(0,1). Now, we differentiate between k € Z even and

with sgn(a) = ﬁ = i Thus, we have obtained the ex- odd.
pression on the right hand side of (44). O 1. k even and a =0: It is sufficient to check for which
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B; the following constraints are fulfilled:

(B1+2B,)Ng €2, (94)
—(B1+B)(Ng—1)€Z, (95)
—B(Ng+1)€Z. (96)

By adding up (94) and (95) and rearranging the ob-
tained equation we get

P11+ B(Ng +1)eZ. 97)
———

by (96)€Z

Consequently, only 8; = 0 or §; = 1 are valid so-
lutions. By subtracting (96) from (95) and setting
B1=0we get

2, €72, 98)

which only allows a solution with 3, € {0, %, 1}.

Utilizing that Ny is even, we have 3,Np € Z and
consequently we get from (96)

—Bo(Ng+1)=—P,Ng— B € Z=—, € Z.

This means that 8, =0 or 3, =1 are the only valid
solutions. Therefore, there is no f;, 8, €(0, 1) such
that n,m,{ € Z.

2. koddand a = %: Here, using that % € Z, (93) re-
sults in the following constraints:

(B1+2B,)Ng €Z (99)
—(Br1+B)INg—1)€Z (100)
—B2(Np+1)€Z. (101)

These are exactly the same constraints as (94), (95),
and (96). Consequently, the constraints on f; and
B, are also the same.

Case 2: Nz odd Toderive the manifold conditions
for the case where Ny is odd, we set

n
2k =((Ng+1)(Ns—1), Np(Np+1), Np(Nz—1))| m
14
(102)
It can easily be shown that a possible solution is given for
n=—2k, m =k and /¢ = k. The basis vectors are the same
as for even Ng, and we can write the possible solutions
as

n —2k Ng 2Nj
ml=| k |+A|-WNs—1) |+Z2|-(Nz—1)
¢ k 0 —(Nz+1)
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The fact that A, A, € Z holds can be concluded from the
three constraints

(M +2A,)Np €Z, (103)

—(/11 + %)(NB —1)ez, (104)
Ao

—?(NB—H)GZ. (105)

By adding up (103) and (104) and rearranging the ob-
tained equation we get

A
(Ng+1) ?2 A, €Z.
€Z due to (105)

Consequently, A; € Z. By subtracting (105) from (104)
and setting A, =0 we get

Ay €Z. O

Appendix E:

In the following, the two-dimensional Fourier transforms
of ¢, : R? - R with £,(x) = %,(||lx|]) and £ : R> - R are
calculated, and it is shown how they can be treated nu-
merically. To simplify the calculations, we use the Hankel
transform, which is closely related to the n-dimensional
Fourier transform of rotational invariant functions [26].
The Hankel transform with order u > —1 of a function
g:R, — Risdefined as

[ee]

guls)=7,[g(r)] =f Ju(sr)g(r)r dr,

0

where J,(s) denotes the u-th Bessel function of first kind.
Now let f : R"” — R be a rotational invariant function, so
that

fx)=F(llxl)=F(r),

where F : R, — R denotes a one-dimensional function.
Then we have for the Fourier transform

flw)=E,(s)=F,(llo,l)
with
Fy(s)=(2m)? s~ Sz [r”T’zF(r)].

For the special case of n =2 we state the expressions
explicitly. For n =2 we obtain

(o]

E(s)=2nG[F(r)]= an Jo(sr)E(r)r dr,

0
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where the zeroth order Hankel transform of .Z,(r) reads

[ee]

%[Zn(r)]:% ;kzﬂz_i_rz :;%[kZﬂ'@J’.rz]

o co 00
=22K0(km)=22f ekmscosh(r) 7,
k=1 k=1J0

oo oo
— Zf Z e—kns cosh(t) dt
0

k=1

— = 2
- 0 enscosh(r) — ]

with Ky(k7s) being the modified Bessel function of sec-
ond kind.

Finally, we use the above result to state the rotation-
invariant Fourier transforms of .£,(r) with r = ||x|| in
two-dimensions. For the 2D case, we have

dt

oo

1

e7nscosh(t) — ] dt

Z(wy) =A2(S)=47rf (106)
0

with s =||e,]l.

The 2D Fourier transform of the 2D Langevin function
is the derivative of (106), multiplied by the normalized
vector 5y

Wy

llewyll
wx

co
cosh( t)ellwxllcosh(r)
:_47T2i ( ) ; dt
0 (eTEH“’x”COSh(t)_l) ”wa|

_ 2 oo
et 3 Ucosh(t)cschz(Euwxucosh(t)) dt),
o 2

el

L(w)=iA(lw.l)

where csch(x)= m denotes the hyperbolic cosecant.
The last formula can be reformulated by different substi-
tutions. The following two should be noted:

1. The substitution ¢ = tanh™}(z) yields

j(")x):

1
2 zrlloxll
. 1 2 X
i, csch ( s
dz.
0

llewll (1—z2)%

2. Using the substitution z = sin(u), we obtain

Do) = -m2iew, : CSChz(zﬂL‘:ﬁU))
T el )y, cost(w)
2 3

=MJ (uwxucsch(f||wx||sec(u))-

o J, 2

2

sec(u))du,

(107)

1

where sec(u) = -
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Equation (107) is quite comfortable for numerical inte-
gration, because the integrand

2
i(leoell )= (csch 5 llwoylsec(u) | sec(u)
is fully defined for all ||w, || # 0. It can be shown that

lim,_ i(lleol, 1) =0
ut—z

is the only point singularity on the finite interval [0, g],
which can be continuously removed. The other formu-
lations have either a non-closed infinite interval, a non-
removable singularity at the boundary of the interval, or
even both. Moreover, for the numerical integration it is
helpful to remove the singularity at ||w,|| = 0 by multi-
plying with ||, ||?. This corresponds to a second-order
singularity in the integrand i(||w.||, #), which leads to

4
. 2.
lim el i(llexll, )= —.
llwg =0 s

References

[1] T. Kluth. Mathematical models for magnetic particle imag-
ing. Inverse Problems, 34(8):083001, 2018, doi:10.1088/1361-
6420/aac535.

J. Rahmer, J. Weizenecker, B. Gleich, and J. Borgert. Signal encod-

ing in magnetic particle imaging: properties of the system func-

tion. BMC Medical Imaging, 9:4, 2009, doi:10.1186/1471-2342-9-4.

P.W. Goodwill and S. M. Conolly. Multidimensional X-Space Mag-

netic Particle Imaging. IEEE Transactions on Medical Imaging,

30(9):1581-1590, 2011, doi:10.1109/TMI1.2011.2125982.

[4] J.7J. Konkle, P. W. Goodwill, O. M. Carrasco-Zevallos, and S. M.

Conolly. Projection Reconstruction Magnetic Particle Imaging.

IEEE Transactions on Medical Imaging, 32(2):338-347, 2013,

doi:10.1109/TM1.2012.2227121.

T. Knopp, S. Biederer, T. E Sattel, M. Erbe, and T. M. Buzug. Pre-

diction of the spatial resolution of magnetic particle imaging

using the modulation transfer function of the imaging process.

IEEE Transactions on Medical Imaging, 30(6):1284-1292, 2011,

doi:10.1109/TM1.2011.2113188.

[6] M. Maass and A. Mertins, On the formulation of the magentic
particle imaging system function in Fourier space, in International
Workshop on Magnetic Particle Imaging, 39-40, 2018.

[7] W. Erb, A. Weinmann, M. Ahlborg, C. Brandt, G. Bringout, T. M.
Buzug, J. Frikel, C. Kaethner, T. Knopp, T. Médrz, M. Moddel, M.
Storath, and A. Weber. Mathematical analysis of the 1D model and
reconstruction schemes for magnetic particle imaging. Inverse
Problems, 34(5):055012, 2018, doi:10.1088/1361-6420/aab8d 1.

[8] A.Cordes and T. M. Buzug, Deconvolution kernel for 1D x-space
MPI], in International Workshop on Magnetic Particle Imaging,
49-50, 2018.

[9] T.Knopp and T. M. Buzug, Magnetic Particle Imaging: An Introduc-

tion to Imaging Principles and Scanner Instrumentation. Berlin,

Heidelberg: Springer Berlin Heidelberg, 2012, doi:10.1007/978-3-

642-04199-0.

P. Goodwill, G. Scott, P. Stang, and S. Conolly. Narrowband Mag-

netic Particle Imaging. IEEE Transactions on Medical Imaging,

28(8):1231-1237, 2009, doi:10.1109/TMI1.2009.2013849.

H. Schomberg, Magnetic particle imaging: Model and re-

construction, in IEEE International Symposium on Biomed-

ical Imaging: From Nano to Macro, 992-995, IEEE, 2010.

doi:10.1109/ISBI1.2010.5490155.

[2

3

[5

(10]

(11]

(© 2019 Infinite Science Publishing


https://dx.doi.org/10.1088/1361-6420/aac535
https://dx.doi.org/10.1088/1361-6420/aac535
https://dx.doi.org/10.1186/1471-2342-9-4
https://dx.doi.org/10.1109/TMI.2011.2125982
https://dx.doi.org/10.1109/TMI.2012.2227121
https://dx.doi.org/10.1109/TMI.2011.2113188
https://dx.doi.org/10.1088/1361-6420/aab8d1
https://dx.doi.org/10.1007/978-3-642-04199-0
https://dx.doi.org/10.1007/978-3-642-04199-0
https://dx.doi.org/10.1109/TMI.2009.2013849
https://dx.doi.org/10.1109/ISBI.2010.5490155
http://dx.doi.org/10.18416/ijmpi.2019.1912001
http://dx.doi.org/10.18416/ijmpi.2019.1912001

International Journal on Magnetic Particle Imaging

[12] S. Bergner, T. Moller, D. Weiskopf, and D. J. Muraki. A Spec-
tral Analysis of Function Composition and its Implications for
Sampling in Direct Volume Visualization. IEEE Transactions on
Visualization and Computer Graphics, 12(5):1353-1360, 2006,

doi:10.1109/TVCG.2006.113.

[13] M. Abramowitz and I. A. Stegun, Eds., Handbook of Mathematical
Functions with Formulas, Graphs, and Mathematical Tables, Ap-
plied Ma. Washington, D.C.: National Bureau of Standards, 1964,

[14] K. A. Stromberg, An Introduction to Classical Real Analysis.
American Mathematical Society Chelsea Publishing, 2015, ISBN:

1470425440.

[15] L. Grafakos and G. Teschl. On Fourier Transforms of Radial Func-
tions and Distributions. Journal of Fourier Analysis and Applica-

tions, 19(1):167-179, 2013, doi:10.1007/s00041-012-9242-5.

[16] R. Estrada. On Radial Functions and Distributions and Their
Fourier Transforms. Journal of Fourier Analysis and Applications,

20(2):301-320, 2014, d0i:10.1007/s00041-013-9313-2.

[17] H.O.Beca.An orthogonal set based on Bessel functions of the first
kind. Publikacije Elektrotehnickog fakulteta. Serija Matematika i

fizika, 678(715):85-90, 1980.

[18] K. Stempak. A weighted uniform L”-estimate of Bessel functions:
Anote on a paper of Guo. Proceedings of the American Mathemat-
ical Society, 128(10):2943-2946, 2000, doi:10.1090/50002-9939-00-

05365-X.

[19] L.J.Landau. Bessel Functions: Monotonicity and Bounds. Jour-
nal of the London Mathematical Society, 61(1):197-215, 2000,

doi:10.1112/S0024610799008352.

10.18416/ijmpi.2019.1912001

[20]

[21]

(22]

(23]

[24]

[25]

[26]

21

T. Mérz and A. Weinmann. Model-based reconstruction for mag-
netic particle imaging in 2D and 3D. Inverse Problems and Imag-
ing 10(4):1087-1110, 2016, doi:10.3934/ipi.2016033.

H. Bateman, Higher Transcendental Functions, volume 2, A. Erdé-
lyi, Ed. McGraw-Hill Book Company, Inc., 1953,

J. Lampe, C. Bassoy, J. Rahmer, J. Weizenecker, H. Voss, B. Gle-
ich, and J. Borgert. Fast reconstruction in magnetic particle
imaging. Physics in Medicine and Biology, 57(4):1113-1134, 2012,
doi:10.1088/0031-9155/57/4/1113.

T. Knopp and A. Weber. Local System Matrix Compression for Ef-
ficient Reconstruction in Magnetic Particle Imaging. Advances in
Mathematical Physics, 2015:1-7, 2015, doi:10.1155/2015/472818.
M. Maass, K. Bente, M. Ahlborg, H. Medimagh, H. Phan, T. M.
Buzug, and A. Mertins. Optimized Compression of MPI System
Matrices Using a Symmetry-Preserving Secondary Orthogonal
Transform. International Journal on Magnetic Particle Imaging,
2(1), 2016, doi:10.18416/1JMPI1.2016.1607002.

L. Schmiester, M. Moéddel, W. Erb, and T. Knopp. Direct Im-
age Reconstruction of Lissajous-Type Magnetic Particle Imag-
ing Data Using Chebyshev-Based Matrix Compression. IEEE
Transactions on Computational Imaging, 3(4):671-681, 2017,
doi:10.1109/TCI.2017.2706058.

R. Piessens, Hankel Transform, in Transforms and Applications
Handbook, Third Edition, A. D. Poularikas, Ed., CRC Press, 2010.
doi:10.1201/9781420066531-c9.

(© 2019 Infinite Science Publishing


https://dx.doi.org/10.1109/TVCG.2006.113
https://dx.doi.org/10.1007/s00041-012-9242-5
https://dx.doi.org/10.1007/s00041-013-9313-2
https://dx.doi.org/10.1090/S0002-9939-00-05365-X
https://dx.doi.org/10.1090/S0002-9939-00-05365-X
https://dx.doi.org/10.1112/S0024610799008352
https://dx.doi.org/10.3934/ipi.2016033
https://dx.doi.org/10.1088/0031-9155/57/4/1113
https://dx.doi.org/10.1155/2015/472818
https://dx.doi.org/10.18416/IJMPI.2016.1607002
https://dx.doi.org/10.1109/TCI.2017.2706058
https://dx.doi.org/10.1201/9781420066531-c9
http://dx.doi.org/10.18416/ijmpi.2019.1912001
http://dx.doi.org/10.18416/ijmpi.2019.1912001

	Introduction
	The Langevin Function and its Role in MPI
	Spatial Fourier transform
	Fourier transform of the Langevin function and Bessel functions
	Transform of the Langevin function
	Fourier Transforms of Bessel functions
	Product of Bessel function and Fourier transformed Langevin function

	Fourier representation for a one-dimensional trajectory
	Fourier representation for two-dimensional Lissajous trajectories
	Fourier representation for three-dimensional Lissajous trajectories
	Numerical Evaluation
	Conclusions

