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Abstract
The model-based reconstruction problem is still one of the key challenges in magnetic particle imaging (MPI) when
using multi-dimensional Lissajous-type excitations. One aspect, which is often highlighted in the literature, is the
magnetization behavior of the magnetic nanoparticles in fluids. Another aspect, which is at least as important as
the particle model itself but sometimes treated less prominently, is a very careful calibration of the model input,
respectively the scanner parameters such as analog filter and applied magnetic fields. The careful consideration of
both aspects is the essential requirement for a proper solution to the model-based problem. In the present work we
combine previously calibrated scanner components with mono- and polydisperse particle models for immobilized
nanoparticles to derive a model-based system function and an calibration routine exploiting applied magnetic field
generalizability. It is experimentally validated on the Bruker preclinical MPI system using 2D Lissajous trajectories.

I. Introduction

Proper modeling of the concentration-to-voltage map-
ping in magnetic particle imaging (MPI) is still one of the
open key challenges particularly for multi-dimensional
excitation patterns such as Lissajous-type ones. The so-
lution up to now is a time-consuming calibration of the
entire system matrix, which also suffers from limited gen-
eralizability and spatial resolution.

To properly describe this mapping, the dynamic be-
havior of the magnetic nanoparticles’ (MNPs’) magnetic
moments, as well as the involved scanner parameters
such as the applied magnetic field, the analog filter, and
the sensitivity profile of the receive coils, need to be ac-
curately known. For the particle model, two well-known
mechanisms need to be taken into account, namely
Brownian and Néel rotation [1], which reduces to only
Néel rotation if the MNPs are immobilized [2, 3].

The independent calibration of the scanner compo-
nents is one essential prerequisite for a proper modeling

of the system function. For example, in earlier works
[4, 5] the entire analog filter has been fitted to the parti-
cle delta sample measurements. As a consequence, the
particle model and scanner parameters are mixed and
conclusions on the suitability of the particle model and
the involved parameters are not possible. Besides exact
knowledge of the involved magnetic fields, a necessary
requirement for particle model parameter interpretabil-
ity is a precise MPI receive path calibration, which can be
carried out by measuring the transfer function of the ana-
log filter. In [6], it was shown that this transfer function
enables transforming the system-specific receive signal
into the magnetization domain. In addition, the prior
determination of scanner parameters, which is indepen-
dent of any tracer material, is an essential prerequisite to
obtain generalizability of the particle model with respect
to scanner parameters such as the applied field. Under
these circumstances the scanner’s functionality becomes
similar to a multi-dimensional magnetic particle spec-
trometer, which is able to generate multi-dimensional
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Lissajous-type excitations with arbitrary offset fields [7].
In the present work we combine the following steps:

First, for the calibration of the scanner’s applied mag-
netic field, receive coil sensitivities, and analog filters
we exploit measurement techniques being independent
of any tracer material containing MNPs. This is done
on the Bruker preclinical MPI system. Second, for the
particle magnetization model we focus on the immobi-
lized case allowing for using the simpler Néel model with
uniaxial anisotropy. Here, we consider monodisperse as
well as polydisperse tracer models taking into account
particle diameter and anisotropy constant. Remaining
unknown particle model parameters are determined in
another calibration routine exploiting 1D excitations on
the Bruker preclinical MPI system. Third, fully measured
and model-based system matrices for 2D Lissajous-type
excitations are used for image reconstruction of a capil-
lary phantom on the Bruker preclinical system.

II. Methods and materials
The setting of a general MPI imaging experiment reads
as follows: Let Ω ⊂ R3 be the field-of-view containing
MNPs. A voltage induced by the MNPs’ in a receive coil
with sensitivity profile p :R3→R3 in m−1 after applying
an analog filter a :R→R in Hz is approximately given
by

ṽM(t ) =−
�

a ∗µ0

∫

Ω

c (r )p (r )T
∂

∂ t
m̄ (r, ·) dr

�

(t ) (1)

in V where µ0 is the vacuum permeability in kg mA−2 s−2,
c :Ω→R+0 in molL−1 is the concentration of the magnetic
nanoparticles and m̄ :R3× [0, T ]→R3 in 10−3Am2 mol−1

is the molar mean magnetic moment. The mean mag-
netic moment m̄ (r, t ) is given by a particle model and it
depends on the applied magnetic field H :R3× [0, T ]→
R3 in Tµ0

−1. The applied field, the analog filter, and the
sensitivity profile are the scanner parameters.

II.I. Scanner parameter calibration
The identification of all involved scanner parameters is
done independent of any particle system. To gain precise
information of the applied magnetic fields, the dynamic
drive field (resp. sensitivity profile) and the selection
field are represented by spherical harmonic expansions.
These are obtained by measuring an appropriate spher-
ical t-design providing exact information of the fields
inside the measured sphere [8, 9]. Furthermore, MPI
receive path calibration is performed to acquire the fre-
quency dependent transfer function [6].

II.II. Particle models
In the model equation (1) we need a proper model for the
mean magnetic moment m̄ of the ensemble of nanopar-

ticles. Here we use the Fokker-Planck (FP) equation ap-
proach for the Landau-Lifshitz-Gilbert equation as de-
scribed in [3]. The simulations are performed with a finite
volume method as described in [10]. The model depends
on the particle diameter D and the anisotropy constant
K anis which substantially influence the behavior. We sim-
ulate m̄ for different values of D and K anis, and we take
a uniform distribution of easy axes into account. The
result using the field H is denoted by m̄FP-anis;D ,K anis .

II.III. Particle model calibration
To obtain a modeled system matrix suitable for image
reconstruction, we need to identify two types of un-
knowns. The first type of unknown concerns measure-
ment inaccuracies which are not yet included in the mea-
sured analog filter, in particular, a global scale factor as
well as a global time shift: in time domain, we consider
m̄FP-anis;D ,K anis (t )≈βm̄calib(t −∆t ), where m̄calib denotes
the measurement after being corrected for the measured
transfer function. β and∆t are fitted to a pre-selected
small number of calibration measurements. Importantly,
a full system matrix measurement is not necessary for
this procedure. In fact, one measurement at the center
of the field-of-view would be sufficient.

The second unknown parameters are the particle
properties D and K anis or their distributions in the
polydisperse case. Assuming monodisperse tracers, we
choose the parameter from a dictionary that has the
smallest `2-distance to a full system matrix measure-
ment. For the polydisperse case, we consider the full
dictionary over D and K anis and perform a nonnegative
least squares fit for

m̄FP-anis;poly =
∑

D

∑

K anis

wD ,K anis m̄FP-anis;D ,K anis (2)

to obtain weights wD ,K anis ≥ 0 such that m̄FP-anis;poly is
closest to m̄calib. In this case, the fitting of (β ,∆t ) and
of the weights is alternately refined up to convergence.
Exploiting the generalizability with respect to the applied
magnetic fields of the proposed approach, we can reduce
the computational overhead. The full dictionary with re-
spect to (D , K anis) has been computed for a 1D excitation
only. After obtaining wD ,K anis , 2D system matrices are
simulated for only those (D , K anis) that were associated
with nonzero weights.

II.IV. Image reconstruction
For image reconstruction, a background subtraction us-
ing convex combinations of background measurements
and diagonal whitening of the complex-valued system
matrix is performed (see, e.g., [11]). The background
measurements are also added to the system matrix as
scaled additional columns with positive and negative
sign to reduce the influence of noise during reconstruc-
tion [12]. No frequency selection is performed except for
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applying a band pass filter. Then, the reconstruction is
carried out using the constrained regularized Kaczmarz
method [13] to obtain real-valued positive coefficients.

III. Experiments

The scanner parameter calibration of the Bruker preclin-
ical system has been performed according to Section II.I.
The magnetic fields are measured at 36 positions of a
spherical 8-design yielding polynomials of degree 4. For
the selection field, a 3D Hall probe was placed at each po-
sition [8]while a 3D calibration coil was used to measure
the drive field [9]. For the receive-path calibration, a 3D
calibration-coil setup is utilized. A defined signal analog
to a magnetic moment signal was generated per direction
and the system-specific receive signal was measured [6].

2D system matrices were measured on a 17×15 grid,
using a delta sample of 2×2×2 mm3 filled with immo-
bilized perimag (micromod Partikeltechnologie GmbH,
Rostock, Germany) at a concentration of 10 mgFe mL−1. A
gradient strength of (−1,−1, 2) T m−1 and a 1D excitation
in x -direction as well as a 2D Lissajous-type excitation in
xy -direction were used on the Bruker preclinical system.
These fully measured system matrices (x - and y -receive
channel) represent a reference for quantitative compari-
son as well as for the image reconstruction. For the latter
we measured a capillary phantom with a diameter of
2.5 mm and a length of 12 mm placed from the origin
along the positive y -axis averaged over 200 frames.

In the monodisperse particle model calibration
(∆t ,β ) estimation is performed with five measurements
around the origin for improved stability against noise.
1D excitation in the applied field is used. Due to the high
dimensionality of the weighting in the polydisperse case,
the fully measured system matrix of 1D excitation is used
to obtain (∆t ,β , wD ,K anis ).

The image reconstruction according to Section II.IV
uses a bandpass of the range [90 kHz, 625 kHz]. The algo-
rithm uses 1000 iterations (λ = 2 · 10−5, normalized via
operator norm). For the mono- and polydisperse model-
based case, the system matrices are generated for the 2D
Lissajous-type excitation of the Bruker preclincial sys-
tem using the parameters determined by the previously
described calibration procedure using 1D excitations.

IV. Results

The obtained weight distribution for the polydisperse
model is displayed in Figure 1. The weights are localized
around diameters of 15-20 nm and anisotropy constants
of 0-2000 J/m3. Since we are dealing with non-aligned
immobilized tracers, we expect particle anisotropy to
have only a small effect, which is reflected in the obtained
distribution. The relative deviation [3, eq. (22)] to the
measured system matrix for 2D excitation is 0.2444 in

Figure 1: Weights obtained with the polydisperse model. The
respective marginal distributions are displayed in white at the
edges.

Figure 2: Image reconstructions of a capillary phantom with
the measured system matrix and the monodisperse and poly-
disperse Fokker-Planck models.

the mono- and 0.2416 in the polydisperse case on mixing
orders up to order 5 contained in the band limit.

In Figure 2, a reconstruction of a capillary phantom
is shown for the fully calibrated system matrix, the simu-
lated monodisperse model, and the simulated polydis-
perse model with the weighting shown in Figure 1. While
the monodisperse model still produces a slightly nois-
ier image than the polydisperse model, which is still of
inferior quality to the fully calibrated approach, both sim-
ulated approaches lead to a good quality reconstruction.

V. Discussion and outlook

The results illustrate that the amount of necessary cal-
ibration effort can be reduced by using 1D excitation
for the particle model calibration. In addition, the gen-
eralization of the fitted model to 2D Lissajous-type ex-
citation has been investigated in the context of image
reconstruction. In the monodisperse model the number
of required calibration measurements might be further
reduced to one to five delta sample measurements for
(D , K anis) estimation which remains future research. In
the polydisperse model the number of required calibra-
tion measurements is still an open question. Due to the
high dimensionality of the weighting function, stability
aspects and the ill-posedness of the underlying problem
needs to be taken into account. An investigation of the
trade-off between number of calibration measurements
and model-based a priori information (e.g., assuming
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a log-Gaussian particle diameter distribution) is highly
desirable for future work.

The scanner parameters are calibrated, which needs
to be done only once in general. The influences of ag-
ing and component replacements need to be taken into
account. Typical time intervals for a re-calibration of
the scanner parameters are an open question. The ad-
vantage of the proposed calibration method is that the
obtained particle model parameters can be re-used in
principle. It might become necessary to adjust time-shift
and global scaling.

The explicit distinction between scanner parameters
and particle model parameters in the calibration has
several advantages and paves the way for further model-
based calibration methods: (i) Generalization with re-
spect to particle models can be realized immediately: Par-
ticle model replacements are immediately possible and
future work includes considering equilibrium models
(Langevin function, uniaxial anisotropy [14]) when con-
sidering immobilized nanoparticles and the fluid case in
general. (ii) Generalization with respect to applied mag-
netic fields: In the present work we used 1D excitation for
calibration and 2D Lissajous-type excitation for image
reconstruction. The extension to the 3D Lissajous-type
case is straight forward. (iii) Generalization with respect
to calibration device: In the present work we used the
Bruker preclinical system for the purpose of both calibra-
tion and imaging. The proposed routine opens the way
for particle models being calibrated differently, e.g.,on
an MPS system [7].

Physical interpretability of the determined particle
model parameters is always a delicate issue as they need
to be interpreted carefully taking into account the overall
context like accuracy of scanner parameters, suitabil-
ity/design of particle model, used fitting algorithm, a pri-
ori information, etc.. The experimental determination
of all scanner parameters independent of the involved
MNPs can be seen as one step towards an improved in-
terpretability of the particle model parameters.

A comparison to existing model-based calibration
procedures is an open research question but it also re-
quires a careful design as scanner parameters and par-
ticle model parameters might be mixed in existing ap-
proaches such as fitting the transfer function of the ana-
log filter to MNP’s measurements [4]. In the proposed
method one might include an additional convolution ker-
nel in the particle model (e.g., similar as in [15]) which is
determined simultaneously. This is an interesting exten-
sion of [4] to further study the trade-off between number
of calibration measurements and degrees of freedom.
For the polydisperse case this requires more sophisti-
cated methods for parameter identification.

In sum, the potential extensions and further inves-
tigation of advantages of model-based representations
such as refined spatial resolution remain future work.
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