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Abstract
The tensor-based theory of multidimensional x-space MPI provides useful insight into MPI image reconstruction.
Using this theory, it was shown that x-space MPI images with isotropic resolution can be achieved by scanning in
two orthogonal directions separately and combining the resulting images. In this work, we propose an x-space
image reconstruction that resolves the multidimensional image tensor, allowing us to reconstruct the isotropic
MPI image for the Lissajous trajectory. The proposed method takes advantage of the self-crossing property of the
Lissajous trajectory.

I. Introduction

X-space reconstruction is one of the two leading recon-
struction methods in magnetic particle imaging (MPI),
together with system function reconstruction [1, 2]. The
tensor-based theory of multidimensional x-space MPI al-
lows us to represent the scalar images acquired by receive
coils using a single tensor equation at a given field-free
point (FFP) position on the scanning trajectory [3]. Us-
ing this tensor formalism, it was shown that MPI images
with isotropic resolution can be achieved by combin-
ing two images acquired with orthogonal choice of 1D
drive fields (DFs) [3]. Another work proposed a similar
approach followed by deconvolution to achieve high res-
olution isotropic MPI images [4].

In this work, we propose an x-space image recon-
struction technique that resolves the multidimensional
image tensor for the Lissajous trajectory, enabling the
reconstruction of the isotropic MPI image for this multi-
dimensional DF scenario. We demonstrate two different
variants of the proposed method: solving the tensor on
the Lissajous node points or solving it on a pixel-by-pixel
basis using all data points. The simulation results demon-
strate that both approaches provide high image quality,
with the second approach having a slightly improved
performance in the presence of noise.
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II. Theory

In this work, we consider a 2D Lissajous trajectory as
shown in Fig. 1a, where the DFs are applied along the x-
and y-directions, and a two-channel acquisition is per-
formed. According to the tensor-based theory of mul-
tichannel multidimensional x-space MPI, the multidi-
mensional image tensor can be expressed in 2D as [3]:

Ω(x) = ρ(x) ∗ ∗ h(x) (1)

=

�

ρ̂11(x) ρ̂12(x)
ρ̂21(x) ρ̂22(x)

�

, (2)

where

h(x) =

�

h11(x) h12(x)
h21(x) h22(x)

�

. (3)

Here, Ω(x) ∈R2x 2 is the image tensor, h(x) ∈R2x 2 is the
point spread function (PSF) tensor, ρ(x) is the magnetic
nanoparticle (MNP) distribution. and ∗∗ denotes 2D con-
volution. The individual scalar images in the tensor can
be expressed as ρ̂i j (x)=ρ(x) ∗ ∗ hi , j (x).

During a scanning trajectory, speed compensation of
the acquired MPI signal yields a scalar image that can be
expressed as [3]:

ρ̂ua ,ub
(x) = uT

b Ω (x)ua (t ) |x=xs (t ), (4)

where ua (t ) is the unit trajectory vector at time t , ub is the
unit coil sensitivity vector, and xs (t ) is the instantaneous
FFP position. Hence, the scalar MPI images acquired
by receive coils placed along x- and y-directions can be
expressed as:

�

ρ̂ua ,e1
(x)

ρ̂ua ,e2
(x)

�

= Ω (x)ua (t ) |x=xs (t ), (5)

where e1 and e2 are the unit vectors along x- and y-
directions, respectively.

Here, we propose computing the underlying scalar
images ρ̂i j (x) at the Lissajous node points (see Fig. 1a),
where the trajectory passes through the same x position
twice, but at different directions. Therefore, the resulting
four scalar images can be represented as:

�

ρ̂ua1
,e1

(x) ρ̂ua2
,e1

(x)
ρ̂ua1

,e2
(x) ρ̂ua2

,e2
(x)

�

= Ω (x)Ua , (6)

where we define Ua ∈R2x 2 as the trajectory matrix whose
columns are ua1

and ua2
which are the instantaneous

trajectory vectors at the two time instances when the
FFP passes through a node. Using Eq. 6, we can resolve
the image tensor as:

Ω (x) =

�

ρ̂ua1
,e1

(x) ρ̂ua2
,e1

(x)
ρ̂ua1

,e2
(x) ρ̂ua2

,e2
(x)

�

Ua
−1. (7)

A b

Figure 1: (a) 2D Lissajous trajectory and its nodes (marked in
red). The trajectory passes through the nodes twice but at dif-
ferent directions. (b) Two partitions of the Lissajous trajectory
with approximately 45◦ and 135◦ angles.

Hence, the four scalar images comprising the image ten-
sor can be resolved, as long as the trajectory matrix is
invertible. To satisfy this condition, the trajectory should
pass through the nodes at two non-collinear directions.
The Lissajous trajectory is well-suited for this problem,
as it satisfy this requirement, and has nodes widely dis-
tributed across the field-of-view (FOV).

III. Methods and Materials
MPI simulations were performed using an in-house
script in MATLAB, assuming an FFP scanner with selec-
tion field gradients of (3, 3, -6) T/m. For the Lissajous
trajectory, the DF frequencies were set using the follow-
ing relation [5]:

fy =
Np

Np −1
fx , (8)

where Np is the trajectory density parameter, and fx and
fy are the DF frequencies along x- and y-directions, re-
spectively. Here, fx = 25 kHz and fy = 25.36 kHz were
utilized, corresponding to Np = 70. The DF amplitude
was set to cover a 2×2 cm2 FOV. A digital imaging phan-
tom depicting a vasculature structure was utilized (see
Fig. 2a). The MPI signal was sampled at 2.5 MHz sam-
pling rate. Direct feedthrough interference and filtering
were not incorporated in the simulations.

Two different variants of the proposed technique
were implemented for image reconstruction. In the first
variant, Ω(x) was reconstructed at the Lissajous nodes
only, as explained in Eq. 7. For this purpose, the speed-
compensated signals from the two coils were interpo-
lated to the node locations. Then, Eq. 7 was solved at the
node points and scattered interpolation was utilized to
interpolate the scalar images to a 2D grid.

While reconstruction at the nodes is practical for a
dense Lissajous trajectory, it only utilizes the received
signal at the nodes and disregards all other data points.
Therefore, an alternative variant was implemented uti-
lizing all data points. As shown in Fig. 1b, the Lissajous
trajectory was partitioned into two segments according
to the trajectory vector [5, 6]. Partitions consisted of data
points with approximately 45◦ and 135◦ scanning angles,
respectively. The speed-compensated signals from each
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Figure 2: (a) Imaging phantom and the reference isotropic
image, ρr e f (b) Reconstructed ρi s o images for nodes only and
all points approaches, for the noise-free case and at different
SNR levels between 10-40.

partition were interpolated onto a 2D grid using scat-
tered interpolation to get two images per partition (i.e.,
one image per receive channel). Similarly, the trajectory
angles of each partition was also interpolated to the same
2D grid. Then, for each pixel on the grid, Eq. 7 was solved,
and Ω(x) was reconstructed on a pixel-by-pixel basis.

Next, for each variant, ρiso = ρ̂11+ ρ̂22 was formed to
create a combined image with isotropic resolution. To
compare the performance of the two methods, Monte
Carlo simulations with 100 repetitions were conducted
with signal-to-noise ratio (SNR) ranging between 5 to
100, together with the noise-free case. Here, SNR was
defined as the ratio of the peak MPI signal and the stan-
dard deviation of the white Gaussian noise added. Note
that ρ̂12 and ρ̂21 were also recovered but not utilized, as
they had poor image quality and resolution due to the
associated transverse PSFs [2].

Finally, the peak signal-to-noise ratio (PSNR) metric
was utilized for quantitative evaluations:

P SN R = 10log10

�

max2(ρref)
M S E

�

, (9)

where ρref is the reference combined image (see Fig. 2a),
and M S E is the mean squared error between the refer-
ence combined image and the reconstructed ρiso. Here,
ρref was created by adding ρ̂11 and ρ̂22 of the original
multidimensional image tensor from Eq. 2, which was
computed using the associated PSF tensor in Eq. 3 (see
[3] for details of the PSF tensor).

Figure 3: Performance comparison of the two variants at dif-
ferent SNR levels. The noise-free results are also marked.

IV. Results and Discussion

In Fig. 2b, reconstructed ρi s o images are displayed for
the two variants of the proposed method, for the noise-
free case and for SNR = 40, 20, and 10. Both the variant
that reconstructs the image using the node points only
and the variant that reconstructs the images using all
data points provide visually comparable image qualities.

Figure 3 shows the PSNR comparison of the two meth-
ods, plotting the average PSNR of 100 repetitions of
Monte Carlo simulations, for SNR levels ranging between
5 to 100. The results of the noise-free case are also pro-
vided, displaying very high PSNR values exceeding 50 dB
for both variants (i.e., near-ideal reconstructions). When
noise is included, the variant using all points demon-
strates slightly better performance than the one using
the nodes only. When the proposed methods are eval-
uated at lower trajectory densities, both methods had
lower performance than at higher densities, but their per-
formances remained comparable (results not shown).

Note that both methods solve the same linear system
of equations in Eq. 7, but at different number of points.
Solving at the nodes only has a computational complex-
ity of O(Np

2), since the number of nodes is approximately
proportional to the square of Np . In contrast, solving at
all grid points has a computational complexity of O(N 2)
for an N ×N image. Since N �Np in general, the “nodes
only" approach is computationally more efficient, with
minimal loss of performance in the presence of noise.

Previously, a combined isotropic image was achieved
by using two separate acquisitions with orthogonal 1D
DFs [3, 4]. Another study proposed a gridding-based x-
space reconstruction for non-Cartesian trajectories, but
this approach was not able to resolve the true isotropic
image [5]. Here, we extended the multidimensional ten-
sor formalism to enable the reconstruction of the true
isotropic MPI image for the Lissajous trajectory by taking
advantage of its self-crossing property. This approach
has the potential to be applied to other self-crossing tra-
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jectories with multidimensional DFs, such as the radial
Lissajous and bidirectional Cartesian trajectories [5].

Note that the effects of direct feedthrough filtering
were not included in these simulations, as there is no
ground-truth reference image for that case. Utilizing a di-
rect feedthrough filter may cause a trajectory-dependent
error when resolving the image tensor. Investigating such
effects, developing methods to recover the filtered-out
components, and experimentally verifying the proposed
methods remain as important future work.

V. Conclusion
In this work, we presented an x-space reconstruction
technique for resolving the multidimensional image ten-
sor for the 2D Lissajous trajectory. The first variant of the
proposed method takes advantage of the self-crossing
property of the Lissajous trajectory, along with its nodes
being widely distributed across the FOV. The second vari-
ant utilizes the fact that the Lissajous trajectory can be
partitioned to allow reconstruction on a pixel-by-pixel
basis. Both approaches provide successful reconstruc-
tion of the isotropic x-space MPI image.
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