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Abstract
Novel MPI-based modalities such as multi-contrast imaging or remote viscosity recording require independent
measurement of at least two or more magnetic particle types simultaneously. Particle response models based on
the Fokker-Plank equation allow independent reconstruction of core and hydrodynamic diameters. However, due
to complexity and stochastic character, they remain a black box for explaining the origin of measured nonlinear
distortions. A model is required to suggest which frequency lines to measure, which fields to apply for reconstruction
of particle core size distribution, and to explicitly show limitations of setup and measurement scheme (e.g., the
range of core diameters available for reconstruction). Assuming that the amplitude of the sample magnetic moment
and its distortions are determined by the number of excited magnetic moments, and response phase is governed by
amplitude-dependent relaxation mechanisms, we show how and under what conditions two-tone systems become
the key to independent measurement of the response from particles of different diameters.

I. Introduction

Novel MPI-based modalities such as multi-contrast to-
mography [1] , remote measurement of temperature [2]
and viscosity [3] show great potential. They are based
on phase response measurement of magnetic nanopar-
ticles (MNP). However, measuring only the phase of a
mixture of more than two contrast agents alone will not
distinguish their contributions. Moreover, remote viscos-
ity/temperature measurement also requires at least two
degrees of freedom because viscosity and temperature
affect the phase simultaneously. The MNP nonlinear
response features can be potentially used to separate
the responses from different MNP types [4]. There is a
great variety of models describing the different aspects
of nonlinear and dynamic MNP response. Phenomeno-
logical linear lumped parameter models of integer [5]
and fractional [6] orders describe ac susceptometry of
MNP colloids. Volterra series [7] provide a phenomeno-

logical description for MNP nonlinear response, mostly
used as a numerical response model in quasi-static ap-
proximation [8]. Statistical physics models based on the
Langevin equation [9] and the Fokker-Planck equation
[10] describe thermal fluctuations and relaxation mech-
anisms in magnetic colloids, respectively. They can be
used to numerically obtain both amplitude and phase of
MNP response. In contrast to numerical modelling, we
treat MNP as a passive mixer (or modulator) that modu-
lates both amplitude and phase. Following the approach
from [11], we exploit the Bessel function apparatus and
introduce a Hilbert transform-based model to intercon-
nect Intermodulation harmonics (IM) in form of Fourier
coefficients Ak1ω1+k2ω2

of measured magnetization m (h )
at frequency k1ω1+k2ω2 ,

Ak1ω1+k2ω2
=

∫ ∞

−∞
m (h (t ))exp (−it (k1ω1+k2ω2))dt (1)
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with MNP sample properties determined by its core di-
ameter dc and its relaxation properties. By postulating
that the real MNP sample can be described as a super-
position of multiple passive mixers, we apply this model
to reconstruct joint distribution of core diameters and
corresponding phases due to relaxation from the experi-
mental data.

II. Dynamic nonlinear particle
response

Let us consider an ensemble of MNP that weakly interact
�

µ0m 2
0/r 3

0 � kB T
�

where m0 is particle average magnetic
moment and r0 = dc + 2ts where ts is a nonmagnetic
shell thickness. In such a mode, we can assume that this
system has no memory but rate-dependent hysteresis
is present due to relaxation. We introduce immediate
sample magnetization m (h ) that depends on immediate
field value h

m (h ) =mg (h ) ·β (h ) ·exp
�

i·θ f (h )
�

(2)

as an independent product of amplitude (AM) mg (h ) ·
β (h ) and phase (PM) θ f (h )modulations. We define our
model (1) in terms of Hilbert transform that permits ar-
bitrary shape of the excitation signal h (t ) and is suitable
for modulated signal analysis. Based on Langevin theory
of paramagnetic gas, we assume that AM is related to
modulation of the number of instantaneously excited
magnetic moments whereas PM represents relaxation
processes. AM is represented by a product of a nonlinear
part, mg (h ), that is responsible for nonlinear properties
of the magnetization curve, and a linear sub-term β (h )
responsible for rate-dependent losses. Maximum magne-
tization for polydisperse colloid is achieved experimen-
tally only in static measurement, when rate-dependent
losses are absent. That is why we presume the mg (h ) to
be equal to the static magnetization curve of the sample
[15],

mg (h ) =Np

∫ ∞

0

πMs

6
x 3L

�

h x 3 πMs

6k B T

�

ρc (x )dx (3)

whereL (x ) = coth (x )−1/x is Langevin curve, Ms is sat-
uration magnetization (Ms = 476 kA/m for magnetite),
kB T is thermal energy (T = 298 K), ρc (x ) is the proba-
bility density function (PDF) of the MNP core diameter
distribution, and Np is the total number of particles.

According to ac susceptometry experiments, the
phase term of typical MNP sample remains in θ f (h ) ∈
[0◦, 90◦) range and response amplitude drops down for
higher field rates. That is why we approximate dynamic
particle response with first order (Debye) system [12]
through its effective relaxation time τeff (h ) and instanta-
neous frequencyωh (h ),

β (h ) =
1

Æ

1+ (〈|ωh (h )|〉τeff (h ))
2

(4)

θ f (h ) = arctan (〈|ωh (h )|〉τeff (h )) (5)

〈x (t )〉=
1

Tp

∫ Tp

0

x (t )dt . (6)

〈|ωh (h )|〉 is the averaged absolute value of the instanta-
neous frequencyωh (t ) over the period Tp of excitation

signal h (t ) = h
�

t +Tp

�

,

ωh (t ) =
d

dt
arctan

�H (h (t ))
h (t )

�

(7)

where H (·) is Hilbert transform. Note that mg (h ) de-
pends on absolute value of h whereasβ (h ) and θ f (h ) are
rate-dependent, so using the instantaneous frequency
(7) and phase (5), we obtain equivalent excitation pa-
rameters for the system response as in single tone mea-
surement. The model (2) fulfils the two extreme cases of
static measurement of magnetization curve,

lim
ω→0

m (H · cos (ωt )) =mg (H ) , (8)

and susceptometry measurement with ac field,

lim
ε→0

m (ε · cos (ωt )) ∝ εe i·arctan(−ωτeff)/
q

1+ (ωτeff)
2. (9)

Without loss of generality, this model can be extended to
a fractional order model that better reflects the suscep-
tometry behavior of real MNP colloids [12].

III. Analytical response in
dual-tone case

Let the excitation field h (t ) consist of two harmonic
tones,

h (t ) =H1cos (ω1t ) +H2cos
�

ω2t +∆ϕ
�

(10)

that fulfil the relations,






H2 >H1

ω1 = kω2, k ∈Z+,ω2 = 2π/Tp

ω1H1�ω2H2

. (11)

PDFρe (h ) of (10) under conditions (11) is close to arcsin-
type PDF ρe (h ′) of single harmonic excitation at low-
frequency (LF) h ′ (t ) =H2cos

�

ω2t +∆ϕ
�

,

ρe (h )≈ρe

�

h ′
�

= 1/
�

π
q

H 2
2 −h ′2

�

. (12)

In our case (ω1 = 40.5 kHz · 2π, ω2 = 10 Hz · 2π), h (t )
remains 90% of Tp period in range |h | ∈ [0.76 ·H2, H2],
so behavior of m (h ) in this range determines Fourier
components Ak1ω1+k2ω2

by 90%.
Shimbo [13] used Bessel functions to describe the

IM products Ak1ω1+k2ω2+...+k nωn
in a passive non-linear
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device with immediate transfer function m (h) being ex-
posed to n harmonic tones ωi of amplitudes Hi (i =
1 . . . n ),

Ak1ω1+k2ω2+···+k nωn
(H1, H2, · · · , Hn ) =

∫ ∞

0

r
n
∏

l=1

Jk1
(Hl r )

∫ ∞

0

ρm
�

ρ
�

·J 1

�

rρ
�

dρdr (13)

where Jk (x ) are Bessel functions of first kind of order k .
This expression is a generating function for the series that
we have suggested earlier [4]. Imboldi [14] has shown for
the case of two tone excitation (10) and constancy of PM
modulation (θ f (h ) = θ f ) (13) simplifies to,

Ak1ω1+k2ω2
=

2

π

∫ ∞

0

F̂
�

fh

�

· Jk1

�

H1 fh

�

·J k2

�

H2 fh

�

d fh (14)

where F̂
�

fh

�

is a Fourier transform of m (h ) in field space.
Maass provides the Fourier transform of the Langevin
curve [11],

cL
�

fh

�

=−i
fh
�

� fh

�

�

2πe −π| fh |

1− e −π| fh |
,
�

� fh

�

� 6= 0. (15)

Substitution of (14) into F̂
�

fh

�

in (13) and application of
Fourier transform scaling property,

L
�

αp x
�

↔
1

�

�αp

�

�

cL
�

fh

αp

�

, αp =
πMs d 3

c

6k B T
, (16)

provides a response for a monodisperse MNP sample
Ak1ω1+k2ω2

(H2, dc ) as a function of LF-field amplitude H2

and core diameter dc .
In case k1= 1∧k2= 2n , n∈Z\{0}, Ak1ω1+k2ω2

(H2, dc )
vanishes for H2→0 and for H2→∞, forming a bell-
shaped curve (Fig. 1). The curve has its maximum
when h (t ) remains predominantly in nonlinear region
of m (h ) , in the vicinity of second derivative extremum
Hc ∝ d −3

c ,

argmax
h

�

�

�

�

d2mg (h )

dh 2

�

�

�

�

=Hc . (17)

The field dependence of effective relaxation time τeff (h )
directly follows from the original derivations made by
Brown [17] and Néel [16]. Due to limited range of H2

where Ak1ω1+k2ω2
(H2, dc ) is non-zero, the field depen-

dence of relaxation time for the case of excitation field
(10) under conditions (11) can be avoided and approxi-
mated with constant τeff ≈τeff (Hc ), meaning constancy
of PM.

IV. Experimental reconstruction
To reconstruct the joint core diameter-phase distri-
bution ρ

�

dc ,θ f

�

in form of a histogram vector hb

with hbi ∈ C (where i = 1, . . . , Nm , Nm = 40),

Figure 1: Left: Linear operator Mc that maps visible diameter
bins dc to normalized Aω1+2ω2

amplitudes. Right: Normalized
amplitude Aω1+k2ω2

(H2, dc ) for k2 ∈ {2, 4, 6} and dc ∈ {20, 35}
nm in red and green, respectively.

which corresponds to core diameters vector dc =
(xi ∈R | xi = sl (dmi n , dma x , i , Nm ) , dmi n ≤ x ≤ dma x ),

sl

�

x , y , i , n
�

= n
Æ

x n−i y i , (18)

Nm synchronous demodulation measurements bmi ∈C
of Aω1+2ω2

IM are conducted. H1 = 0.5 mT/µ0 amplitude
remains constant. LF field H2 is varied in log-scale range
[H1, Hma x ], H2i = sl (H1, Hma x , i , Nm ), where Hma x =
20 mT/µ0 is the maximum available LF-amplitude. In
double log-scaling, the dependence Hc ∝ d −3

c becomes
linear and the information about the core diameter dis-
tribution is uniformly spread along the measurement
range. Range [dmi n , dma x ] of reconstructable MNP core
diameters is selected using (14-16),

�

dmi n = argmaxx Aω1+2ω2
(Hma x , x )

dma x = argmaxx Aω1+2ω2
(H1, x ) , x ∈R+ (19)

The real-valued Nm × Nm measurement matrix Mc is
formed (Fig.1, left) according to,

[Mc ]i , j = Aω1+2ω2

�

H2 j , dci

�

/Fi (20)

where Fi is a normalization factor that accounts for
α−1

p amplitude scaling according to (16),

Fi =max
x

�

�Aω1+2ω2

�

x , dci

��

� , x ∈R+ (21)

Phase origin of the demodulation is selected and fixed
once for all measurements so that Re

�

bmi

	

, Im
�

bmi

	

≥
0. bmis obtained by subtracting the background mea-
surement bbg (w/o sample) from the raw measurement
(w/ sample) br,

bm = br −bbg. (22)
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The SNR of the measurement is calculated using,

SNR= 20 · lg
�

‖br ‖∞/


bbg





∞

�

(23)

The reconstruction of hb is conducted by solving
Tikhonov-regularized linear inverse problem using
non-negative least-squares algorithm constraining
Re
�

hbi

	

, Im
�

hbi

	

≥ 0,

�

Mc

λE

�

hb =

�

bm

0Nm ,1

�

(24)

where E is a unity matrix and λ= 0.1 is a Tikhonov regu-
larization parameter. The amplitudes of the histogram
bins

�

�hbi

�

� correspond to the number of contributing par-
ticles (AM) of a specific core size dci . Complex arguments
arg

�

hbi

�

correspond to resulting effective phase θ f i
of

a dci . fraction due to relaxation (PM). To demonstrate
mutual independence of AM and PM, we conduct an ex-
periment in which the hydrodynamic diameter (hence
only PM properties) is sequentially increased.

V. MNP with varying
hydrodynamic diameter

We employed commercial superparamagnetic streptavid-
inated MNP (Synomag®-D, 70 nm from Micromod, Ros-
tock, Germany). We diluted the particles with 1 mM PBS
(Phosphate-Buffered Saline) to reach to a final concen-
tration of 0.25 mg/ml within a sample volume of 130 µl.
This resulting sample (Syn70Orig) was measured.

In order to increase the hydrodynamic size of the par-
ticles, we incubated the sample with CRP Monoclonal
Antibody (C7) antibodies conjugated with Biotin (Ther-
moFisher, USA). Likewise, the antibodies were diluted
with PBS to reach a concentration of 0.1 mg/ml. Subse-
quently, the particles were incubated with 10 µl of anti-
bodies for a duration of 20 min. The resulting sample
(Syn70Ab) of particles with antibodies was measured to
explore the increase in hydrodynamic size.

Subsequently, we added C-reactive protein (CRP)
from Merck KGaA, Germany, diluted to a concentration
of 0.05 mg/ml, in order to further enhance the hydro-
dynamic size of the particles. We added 10 µl of CRP to
sample Syn70Ab and incubated it for 90 min. The re-
sulting sample (Syn70AbAg) with a volume of 150 µl was
measured.

VI. Results and discussion
Fig. 1 shows a linear mapping between particle core
diameter and LF-field scan for dual-tone excitation. Par-
ticles of different core diameters (red and green lines,
Fig.1 left and right) have peak amplitudes for distinct H2

amplitudes forming a quasi-orthogonal space limited by

Figure 2: Reconstruction of the phase – core diameter distri-
bution of the samples. (a) – IM measured response of Aω1+2ω2

in the complex plane. (b), (c)- Real and imaginary part of
Aω1+2ω2

components (scatter) and model fit (solid) (d)- Av-
eraged instantaneous frequency 〈|ωh (h )|〉 dependency of LF-
amplitude H2 (e) – Absolute values of reconstructed histogram
vector components hb (f) – Joint phase – core diameter distri-
bution

the aperture of the bell-shaped curve that can be used
for independent read-out in multicontrast systems. Note
that according to expression (14) in single-tone excita-
tion case, the amplitude scan gives a step-like curve that
does not allow this approach. From numerical evalua-
tion of (14) (Fig.1 right), it follows that measurement of
higher order IM reduces the bell-shaped curve width on
LF-scan increasing dc -resolution. Also, it expands the
upper range of visible diameters dma x . At the same time,
it puts higher demands on LF field amplitude and is lim-
ited by the noise floor. Measurement of several IM at a
time allows simultaneous probing multiple diameters.

Fig. 2 shows the experimental results of phase-core di-
ameter distribution reconstruction hb for three samples
(Syn70Orig, Syn70Ab, Syn70AbAg) of increasing hydrody-
namic diameters. The measured bm vectors are depicted
in Fig. 2 a, exhibiting a hook-shape. Real and imaginary
projections are plotted vs actual LF field amplitude in Fig.
2 b,c. No clear pattern is recognized at this stage. SNR
(23) was >6.9 dB for all experiments. The reconstruc-
tion procedure described in section IV was applied to the
data and corresponding vectors hb were obtained (Fig. 2
e,f). The model (2,14-16) resulted in a good agreement
( MAE < 29.5 pAm2, Nm = 40) with the experimental
data (Fig. 2 (b,c)). The resulting amplitude

�

�hbi

�

� of core
diameter histogram (Fig. 2 (e)) remains invariant for all
three cases. At the same time, phase portrait arg

�

hbi

�

on the joint phase-core diameter distribution changes
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(Fig. 2, f), demonstrating independence of AM and PM
in the MNP sample. The change can be interpreted using
average instant frequency curve (Fig. 2 (d)) calculated
using (6-7) for corresponding H2 values. Peaks on LF-
scan (Fig. 2 b,c) correspond to core diameter of ∼24.4
nm (Fig .1) and average instant frequency of ∼386 Hz.
Physical interpretation of instantaneous frequency in
this context can be reformulated as an average number
of sign changes of excitation field per period. In dual-
tone measurement mode under (11) conditions smaller
core diameters correspond to larger LF-field amplitudes
and to smaller instantaneous frequencies.

VII. Conclusions
Using the analytical expressions (14)-(16) for intermod-
ulation product Ak1ω1+k2ω2

, we showed that at least
two tones of excitation field are needed to implement
nonlinearity-based multi-contrast MPS system. Due to
asymptotic vanishing of LF-scan, dual tone excitation
readout scheme under conditions (11) also permits waiv-
ing field dependence of the effective relaxation time
τeff ≈ τeff (Hc ), allowing to model the MNP sample as
a superposition of passive mixers with constant phases.
Passive mixer model (2) enabled us to explain the hook-
shape of the LF-scan complex response as a superposi-
tion of MNPs with joint core size

�

�hbi

�

� and phase arg
�

hbi

�

distribution. We proposed an optimal measurement
scheme for nonlinearity-based multicontrast MPS, ex-
plained the limits of this approach and advantages of
simultaneous measurement of multiple IMs. We applied
the scheme in experiment to demonstrate independence
of AM and PM in MNP sample with varying hydrody-
namic diameter. The experiment shows that the recon-
structed distribution allows independent determination
of the particle core size distribution in the absolute val-
ues of

�

�hbi

�

� and the hydrodynamic size changes in its

complex phase arg
�

hbi

�

.
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